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Thin heteroepitaxial overlayers have been proposed as templates to generate stable, self-organized

nanostructures at large length scales, with a variety of important technological applications. However,

modeling strain-driven self-organization is a formidable challenge due to different length scales involved.

In this Letter, we present a method for predicting the patterning of ultrathin films on micron length scales

with atomic resolution. We make quantitative predictions for the type of superstructures (stripes, honey-

comb, triangular) and length scale of pattern formation of two metal-metal systems, Cu on Ru(0001) and

Cu on Pd(111). Our findings are in excellent agreement with previous experiments and call for future

experimental investigations of such systems.
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The understanding of structure-property relations in
metal surfaces and the control of pattern formation are
nowadays key technological issues. The ordering of the
reactants on a patterned surface [1], the nucleation and
growth of graphene on metal films [2–6], the self-
organization of two-dimensional (2D) vacancy islands at
an heterogeneous metal interface [7,8] are all processes
driven by a subtle interplay of adhesion and strain energy
contributions at the metal surface. In some cases, such as
on Au, Ir, and Pt surfaces [9–12], the reduced dimension-
ality of the surface is the only driving force leading to
surface reconstruction. More often, surface patterning
arises in heteroepitaxial systems, where the strain is gen-
erated at the interface between metals with different bulk
lattice constants. This occurs when Cu, Ni, or Co are
deposited on the compact surface of Ru [13–15], and
similarly in Ni on Rh(111), Co on Pd(111), and Cu on
Pd(111) [16–18].

From a modeling point of view, different methodologies

can shed light on the different processes involved. First-

principle calculations are constantly being refined to obtain

reliable quantitative estimates of surface and adhesion

energies [19]. Often relying on the former, classical poten-

tials coupled to Monte Carlo and molecular dynamics

(MD) simulations allow exploration of surfaces in ground

state and metastable configurations and of basic diffusion

and relaxation processes [18,20,21] whose time and length

scale are not yet approachable by first-principles. More

recently, metal surface patterning has been approached by

means of phase-field crystal (PFC) methods [22–24], as

well. In these methods, the local free energy of the system

is expressed as a functional of a local atomic density field.

The free energy is relaxed in a dissipative way, leading to

the identification of ground-state and metastable configu-
rations. The typical time scales associated with free energy
relaxation on a metal surface are orders of magnitude
larger than those accessible by MD simulations.
Nevertheless, the use of both PFC and MD methods is
limited by the need to resolve spatial details on the ang-
strom scale and cannot be used to explore the large sections
of metallic surface routinely probed in experiments.
To overcome the spatial limitation of the standard PFC,

in this work we will use an amplitude expansion of the
density field [25–29]. This methodology allows the study
of 2D films adsorbed on a rigid substrate with spatial
dimensions of several hundred nanometers, yet retains
atomistic resolution. We study the ground and metastable
states of heteroepitaxial ultrathin films, where the film
lattice constant is smaller than that of the substrate (tensile
mismatch). The model quantitatively reproduces the pat-
terns formed by Cu on Ru(0001) in a range of coverage that
extends from 1 to 4 monolayers (ML), in striking agree-
ment with experimental data. The model predicts the ap-
pearance of similar patterning at other metal-metal
interfaces, as well as calling for further experimental
investigations.
In our model, the (111) or (0001) surface of the substrate

(an fcc or hcp metal, respectively) is approximated by a
rigid pinning dimensionless potential, V ¼ U=kBT. V will

be set to V ¼ V0½P3
j¼1 expði ~Gs

j � ~rÞ þ c:c:�where c.c. is the
complex conjugate and ~Gs

1 ¼ �qsð ffiffiffi
3

p
x̂=2þ ŷ=2Þ, ~Gs

2 ¼
qsŷ, and ~Gs

3 ¼ qsð ffiffiffi
3

p
x̂=2� ŷ=2Þ are the three reciprocal

lattice vectors needed to reconstruct the potential of the
(111) surface of the substrate, where qs ¼ 2�=as, with as
the lattice constant of the substrate. If V0 is positive, the
maxima of the potential are placed on a triangular lattice
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mimicking the presence of the substrate atoms. The min-
ima (adsorption sites) are ordered on a honeycomb lattice,
containing two triangular sublattices. On real compact
surfaces, these sublattices correspond to the adsorption
with fcc or hcp stacking. In our model, fcc and hcp minima
are degenerate. This is a reasonable approximation, since
for many metal-metal systems the difference between the
adsorption energy on fcc and hcp sites is negligible, of the
order of 1 meV per atom. Nevertheless, a difference
between the adsorption energy of hcp and fcc sites can
be easily introduced in the model, as shown in the
Supplemental Material [30].

In a PFC model the atomic ordering of the overlayer is
described by the normalized local atomic number density
difference, n, which is uniform in a liquid state and peri-
odic in the solid phase; i.e., it mimics the symmetry of a
given crystalline state. This periodic variation limits the
applicability of the model as the grid spacing must be less
than the atomic spacing. To overcome this difficulty, an
amplitude expansion was developed by Goldenfeld et al.
[25–29]. In this formulation the density is expanded around

the basis set as the substrate, i.e., n ¼ P
�je

i ~Gs
j� ~r þ c:c:,

where �j is a complex amplitude that varies on length

scales much larger than 2�=j ~Gs
jj, the film is such that

~Gs
j ¼ � ~Gf

j and the mismatch between the substrate (lattice

constant as) and film (af) is then " � ðas � afÞ=as ¼
ð1� �Þ. We incorporate the external surface potential V
into the amplitude expansion formulation through the
addition of a Vn term to the PFC free-energy functional.
This approach has been used to describe incommensurate-
commensurate transitions [31,32], sliding friction [33,34],
and the ordering of ultrathin binary films [35].

All lengths are scaled such that the fundamental length
scale is af=2� and the amplitude of the coupling potential

V0 is also written in dimensionless form, whose relevance
to experimental systems will be discussed below. The
resulting equation of motion for the amplitudes can be
written @�j=@t � ��F�=��

�
j or

@�j

@t
� �ð�Bþ BxG2

j þ 3vðA2 � j�jj2ÞÞ�j

þ 2�
Y

i�j

��
i � V0; (1)

where Gj ¼ r2 þ 2i� ~Gf
j � ~rþ 1� �2, A2 � 2

P j�jj2,
and F� is the dimensionless free-energy functional. �B

and Bx control the liquid-solid transition and the magni-
tude of the elastic constants, respectively. The model dif-
fers from previous expansions in two ways. First, it is an
expansion about a strained state (instead of unstrained)
leading to a modification of the operator Gj, i.e., the

1� �2 term. Second, it includes the influence of a
(0001) surface through the V0 term. Neither of these effects
were included in the amplitude expansions discussed in
Refs. [25–29] and are essential for describing the

phenomena of interest here. While the amplitudes can be
used to reconstruct the atomic density n and thus incorpo-
rate atomistic details such as dislocations, it should be
noted that this description is missing the subtle coupling
of the two length scales (a and the variation of �j) that

leads to Peierls barriers [36] and faceting. A detailed
description of the derivation of Eq. (1) is given in the
Supplemental Material [30].
When the coupling strength is very high (V0="

2 ! 1),
the adsorbate occupies the commensurate state, namely a
triangular lattice either on the fcc or the hcp adsorption
sites. At low V0="

2 the overlayer floats above the substrate
in an incommensurate state. It is straightforward (see
Supplemental Material [30]) to show that, for small mis-
matches, the difference in free energy between the com-
mensurate and the incommensurate states is approximately
Fc
� � Fi

� � �3V0�þ 12Bx"2�2, where � is the ampli-

tude of the density fluctuations. In comparison, the com-
mensurate state energy is lowered by the first term, i.e.,
coupling to the substrate, but increased by the second term,
i.e., the elastic energy needed to stretch the adsorbed layer.
The critical value of the dimensionless coupling V�

0 , at

which the incommensurate and commensurate states are
equal, is then V�

0 � 4Bx�"2, which provides a reference

energy scale that can be used to compare with experiment.
When a completely incommensurate layer is superim-

posed on the substrate, a honeycomb moiré pattern
emerges that has a periodicity that is related to the different
length scales of the layer and substrate. This periodicity is

given by LM ¼ 2�=ðj ~Gf
j j � j ~Gs

jjÞ ¼ 2�=". Converting

back to actual lengths, ~LM ¼ af=". Naturally, this length

will play a role in the patterns that emerge in between
completely incommensurate and commensurate states.
For intermediate coupling, interesting superstructures

are formed. The film atoms periodically shift from fcc to
hcp sites, relieving strain at the domain walls separating
the two states. Numerical simulations of the model for
various initial conditions and parameters indicate that
two specific spatial patterns emerge, which we call striped
and honeycomb superstructures. They are shown in Fig. 1,
where the pattern periodicities are shown as a function of
coupling strength at " ¼ 5:5% [as for Cu/Ru(0001)] for
both stripe and honeycomb superstructures. As expected,
the periodicity of the honeycomb pattern starts at LM and
then increases as V0 increases in order to enlarge the
commensurate regions. At a specific value of V0 (Vhs

0 ),

the free energy per unit area of the honeycomb super-
structure becomes larger than that of the striped super-
structure. The periodicity of the striped phase increases
with V0 and diverges at the transition to a commensurate
state (Vsc

0 ).

Repeating this procedure for other values of " leads to
the phase diagram shown in Fig. 2. Both the honeycomb to
stripe and the stripe to commensurate transition coupling
strengths, Vhs

0 and Vsc
0 , are roughly quadratic in ", as might
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be expected, since the gain in elastic energy is proportional to
"2 and the loss in adsorption energy is proportional toV0. It is
possible to estimate the value of Vsc

0 in the small " limit by

reducing the free energy to a sine-Gordon free-energy func-
tional that has been studied extensively [37]. This can be

achieved by assuming �j ¼ �ei�j , where �j � �jð�1Þ þ
2
3
~Gj � ~�� and ~� is a unit vector that points from an hcp site

to an fcc site, i.e., ~� ¼ ffiffiffi
3

p
x̂=2� ŷ=2. This approximation

leads to a free-energy functional in the variable � that
can be written in sine-Gordon form, i.e., F� �R
d~r½K=2ð@�=@x� �Þ2 � V0�=2 cosð�Þ�, where K and

� are parameters given in the Supplemental Material [30].
Using known results of this free energy, the predictionVsc

0 �
½9�2Bx�=5�"2 can bemade. It is also interesting to note that
this free energy predicts that the selected stripe wavelength
diverges as V0 approaches V

sc
0 from below.

The equilibrium superstructures we have shown arise
from the competition between adhesive and elastic ener-
gies, both of which can be varied continuously through the
parametersV0 and ". In experiments, the elastic moduli and
adhesive energy are fixed by the film-substrate properties.
Nevertheless, the addition of more layers has the effect of
lowering the adhesive-elastic energy ratio. Consequently,
we can expect that the patterns that emerge experimentally
as a function of layer thickness are consistent with the
patterns that emerge theoretically as V0 is decreased.

In a typical experiment, the film atoms are deposited at
low temperatures and then the sample is annealed at higher
temperatures. This allows for the formation of long-lived
metastable configurations. At coverages larger than a
single monolayer, the ordering of the multilayer films
most likely initiates from the film-substrate interface.
The first monolayer, which is the most influenced by the
substrate and thus the closest to the commensurate phase,
most likely orders first. In order to mimic this behavior, we
started our simulations from a relaxed state with large
commensurate patches, with both fcc and hcp stacking,
at V0 ¼ 0:013. Then, we decreased V0 at a rate of
4:333� 10�9 per unit time and relaxed the system once
the target V0 was reached. As V0 decreases below Vsc

0 , the

fcc and hcp domains begin to break apart to form stripes,
typically first ordering through the motion of dislocations
that exist at domain edges. Further decreases in V0 lead to a
triangular structure that eventually leads to the honeycomb
phase at very small values of V0. Sample configurations are
shown in Fig. 3 and movies of the process can be found in
the Supplemental Material [30]. To highlight the nature of
the dislocations, a portion of a configuration containing a
single dislocation is shown in the inset of Fig. 3(a).
We can now compare these results with theoretical pre-

dictions [for Cu/Pd(111)] and experimental results [for
Cu/Ru(0001)]. We performed semiempirical calculations

FIG. 2 (color). The solid black lines delineate regions of
commensurate, striped, and honeycomb equilibrium states. The
dashed blue line corresponds to the 1D sine-Gordon solution for
the stripe-commensurate transition. The dashed green line is V�

0 .

The data shown in Fig. 1 correspond to wavelength or state
selection for Cu/Ru(0001). The relative strain for Cu on
Ru(0001) and Pd(111) are also shown in the plot. The red dots
from top to bottom correspond to the parameters used in
Figs. 3(a)–3(d), respectively.

FIG. 1 (color). Equilibrium configurations for Cu/Ru(0001) at
a 5.5% mismatch, with honeycomb (a),(b) or striped (c),
(d) superstructures. In (a)–(c), fcc domains are blue, hcp do-
mains are red, and domain walls are green. In (d) the gray scale
corresponds to a reconstruction of the atomic density for the
region enclosed by the white square in (c). Blue triangles (red
circles) correspond to fcc (hcp) sites. The graph shows the period
of superstructure versus the coupling strength.
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to estimate the value of V0 for a monolayer of
Cu/Pd(111) (7.1% mismatch) as discussed in the
Supplemental Material [30]. For a single monolayer,
Eint=Estr ¼ 4:31, which would correspond to V0 ¼
4:31V�

0 ¼ 15� 10�3. From Fig. 2 this corresponds to a

striped superstructure, which is consistent with experiments
and earlier MD studies [18]. The semiempirical calculations
also indicate that the ratioEint=Estr does indeed decrease as a
function of the number of layers, as speculated earlier.While
the patterns shown in Fig. 3 are for a mismatch of 5.5%, a
similar sequence of patterns was found at 7.1%. It would be
interesting to see if these predictions could be verified ex-
perimentally as the number of layers is increased.

For Cu/Ru(0001) we could not obtain the ratio Eint=Estr,
as no reliable effective interatomic potentials are available.
Experiments show that a single monolayer is commensu-
rate with the Ru substrate. In two-monolayer films, striped
superstructures have been observed with periodicities of
43 Å [14], 50.7 Å [38], and 55–60 Å [39]. The discrep-
ancies are most likely due to some strain relaxation (thus
effectively increasing LM) from partial Shockley disloca-
tions, as discussed by Figuera et al. [39]. Gunther et al. [14]
also observed triangular type patterns in three-monolayer
thick films and honeycomb superstructures in four-
monolayer thick films. To compare with these patterns it
is important to note that the experimental results only

distinguish between commensurate and incommensurate
states (not commensurate fcc and hcp states). We thus
expanded some portions of the triangular and honeycomb
states shown in Fig. 3, now showing fcc or hcp domains in
black and domain walls in white, as shown in Fig. 4. We
then overlapped the simulated structures to the experimen-
tal pictures of three and four layers in Figs. 4(a) and 4(b),
respectively. The length scales of the simulated and
experimental systems are in excellent agreement.
In this Letter a method for modeling the structure of

stable and metastable heteroepitaxial films on length scales
of several hundred nanometers with atomic resolution was

FIG. 3 (color). Spatial patterns obtained at V0 ¼ 12:1� 10�3,
3:2� 10�3, 0:87� 10�3, and 0:43� 10�3 in (a)–(c), and (d)
respectively. The size of each panel is 0:141 	m square. Colors
are the same as in Fig. 1 and panels (a)–(d) correspond to the red
dots shown in Fig. 2 for Cu/Ru(0001). In the inset, the number
density field was reconstructed from the amplitudes for the small
region enclosed by the white box. The lines in the inside are a
guide to the eye to highlight the point dislocation.

FIG. 4. Comparison between simulated nonequilibrium pat-
terns with experimental results [14] for Cu/Ru(0001). In (a)
and (b), the 35:3 nm� 35:3 nm areas correspond to the bottom
left quarter of the simulations shown in Figs. 3(c) and 3(d),
respectively. In (a) and (b), the 70 nm� 40 nm segment and the
17:2 nm� 14:1 nm segment correspond to three- and four-
monolayer results observed by scanning tunneling microscopy
by Gunther et al. [14].
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presented. The results of simulations of the model are
consistent with existent experimental studies of
Cu/Ru(0001) and Cu/Pd(111); at the same time our ap-
proach provides insight on the atomic scale. More experi-
mental results are needed in the case of Cu/Pd(111), and the
comparison with Cu/Ru(0001) would be significantly en-
hanced if theoretical predictions could be made for the
adhesion-elastic energy ratio as a function of coverage.
While the results appear strikingly good, it is important to
note that these are 2D calculations that miss some essential
physics, such as Shockley partial dislocations [39].

The beauty of using amplitude equations to describe
ordering on surface is threefold. First, it predicts patterning
on length scales inaccessible to most techniques in the
presence of elastic energy and dislocations. Second, since
the amplitudes are constant in all of the ordered states, the
mesh size needed in simulations is determined only by the
length scales of the patterning. Thus it would be straight-
forward to use adaptive mesh refinement schemes and
access scales at least one order of magnitude larger.
Third, the method can be extended for substrates of differ-
ent symmetry by simply expanding around the appropriate
reciprocal lattice vectors.
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