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Driven granular media is a fascinating example of intrinsically non-equilibrium system. I consider an ensem-

ble of inelastically colliding hard disks in a channel driven by two opposite thermal walls with different tem-

peratures. When the inelasticity of collisions is large enough, a dense cluster, located closer to the colder wall,

is formed. The steady state profiles are computed from the equations of granular hydrodynamics, and a good

agreement with the results of molecular dynamics simulations is found. When the temperature of one of the

thermal walls is varied periodically, a dense cluster develops oscillations. The oscillations amplitude reaches

its maximum in a resonance, when the frequency of driving is roughly equal to the hydrodynamic frequency

of oscillatory acoustic modes in the system. � 2008 Wiley Periodicals, Inc. Complexity 00: 00–00, 2008
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INTRODUCTION

G
ranular materials are ubiquitous in nature and of

great importance in industry. In the last decade

granular matter (matter composed of macro-

scopic particles interacting dissipatively) attracted signifi-

cant attention of physicists, as it presents a fascinating

example of intrinsically non-equilibrium systems [1, 2]. Flu-

idized granular media exhibit a variety of pattern-formation

phenomena [3]. In this work I focus on driven granular sys-

tems. In these systems steady states are achievable, when

the external energy input into the system is balanced by

inelastic heat losses in the bulk. One of the simplest set-

tings is driving the ensemble of inelastically colliding hard

disks by (one or) two opposite thermal walls [4–6]. To

describe the system, I employ Navier-Stockes granular

hydrodynamics [7], which can be derived systematically

from the kinetic theory for dilute and moderately dense sys-

tems [8, 9]. Then, I tested the hydrodynamic predictions in

event-driven molecular dynamics (MD) simulations [10].

When the inelasticity of collisions between particles is

significantly large, a dense static cluster of particles is

formed far from the thermal walls [11]. What happens

when the temperature of one of the thermal walls is varied

periodically with time? It would be natural to assume that

if the driving frequency is too high (so that inverse driving

frequency is smaller than the characteristic transient time

for cluster formation), the cluster will remain at rest. In

this work, I show that this is not always the case. When

the driving frequency equals to some intrinsic frequency
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of the system, a resonance occurs, and the cluster devel-

ops oscillations.

The article is organized as follows. In the next section I

describe the model, solve the 1D steady state problem

with constant thermal walls’ temperatures, and compare

the hydrodynamic predictions with the results of event-

driven MD simulations. Then I consider the problem of

periodically varying thermal wall temperature and analyze

resonant oscillations. The last section includes a brief dis-

cussion and a summary.

THE MODEL, GOVERNING EQUATIONS,
AND DESCRIPTION OF A STATIC GRANULAR CLUSTER
Consider a two-dimensional system of inelastically colliding

hard disks with unit mass and diameter d. There is no grav-

ity in the system. In each collision between two particles,

momentum is conserved, but some energy is lost. In the

simplest model, the energy loss is characterized by the only

parameter that is the coefficient of normal restitution r.

Elastic collisions correspond to r 5 1; in the following we

will assume the limit of nearly elastic collisions, 1 2 r <<

1. The two walls located at x 5 0 and x 5 L are thermal:

T(x 5 0) 5 T0, T(x 5 L) 5 T1. Upon collision with a thermal

wall, the normal component of the particle velocity is taken

from a Maxwell distribution with the corresponding tem-

perature, while the tangential component of the velocity

remains unchanged. The two remaining walls, located at y

5 0 and y 5 H, are elastic. I start with the initially uniform

spatial distribution of the particles; the initial velocity distri-

bution is Maxwell’s with a unit temperature.

Consider a static steady state. In this case, the pressure

is constant. Consider first that the two opposite thermal

walls have the same temperature. The granular tempera-

ture decreases, as one moves away from the thermal walls

toward the middle of the system due to inelastic particle

collisions, so the density increases with this distance in

order to maintain constant pressure. From symmetry con-

siderations, the density reaches its maximum in the mid-

dle of the system. If the inelasticity of particle collisions is

sufficiently large, a dense granular cluster in the middle is

formed. If the two thermal walls have different tempera-

tures the cluster shifts toward the colder wall. The density

and temperature profiles can be found from the steady

state equations of granular hydrodynamics [9, 11]:
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temperature T(x) in units of T0, and R 5 4(1 2 r)L2/d2. In

addition, there are two boundary conditions for the temper-

ature T(x 5 0) 5 1 and T(x 5 1) 5 d, where d is the ratio

between temperatures of two opposite thermal walls d 5

T1/T0. Finally, the total number of particles is conserved:R 1
0 nðxÞdx ¼ f , where f 5 N/(LHnc) is the average area frac-

tion occupied by the grains.

Figure 1 shows an example of a dense cluster formed

away from the thermal walls, as obtained from the numer-

ical solution of Eqs. (1) and (2) (the solid line). To test

these predictions, I performed event-driven MD simula-

tions. After a short transient, the system reached the

steady state; this was verified by following the x-compo-

nent of center of mass of the system, Xcm, see Figure 2. A

density profile, calculated from MD simulations at the

steady state, is also shown in Figure 1 (the circles). A good

agreement between the hydrodynamic theory and MD

simulations can be seen.

RESONANCE CLUSTER OSCILLATIONS
The position of the center of mass computed from the

steady state hydrodynamics does not depend on time by

definition; see Figure 2, the dashed line. However, the

results of MD simulations show small amplitude time de-

pendence of Xcm. These small-amplitude noisy oscillations

FIGURE 1

An example of a density profile, calculated both from hydrodynamic
eqs. (1) and (2), dashed line, and from event-driven MD simulations,
circles. The system dimensions are L 5 865.57 and H 5 87.88,
the number of particles is N 5 3940, and the restitution coefficient
is r 5 0.99. This corresponds to the following hydrodynamic para-
meters: R 5 30,000, f 5 0.0449, and d 5 5.
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can also be seen from the corresponding power spectrum,

which has a peak at some frequency x1, see Figure 3.

What is the origin of these oscillations? To answer this

question, I linearized the full hydrodynamic equations

around the static steady state, similarly to what was done

in [11]. There are three hydrodynamic modes in the sys-

tem: two of them are oscillatory acoustic modes, and the

third one is a non-oscillatory entropy mode; all three

modes have negative real parts (decaying modes). The fre-

quency of acoustic modes x2 turned out to be fairly close

to x1, see Figure 3. This can be explained as follows. There

is the whole spectrum of noisy fluctuations in the system

due to the discrete nature of particles. Amplified are those

fluctuations, whose frequency approximately equals to the

natural frequencies in the system, in our case, to the fre-

quency of acoustic modes.

To explore this effect further, let us vary the tempera-

ture of one of the thermal walls periodically with time:

T ðx ¼ 1Þ ¼ dþ a cosðx3tÞ (3)

The resulting oscillations of Xcm become maximal when

the frequency of external driving, x3, equals to x1. For

the higher driving frequency x3, the oscillations ampli-

tude decreases significantly, as shown in Figure 4 (see

also Figure 5). If the driving frequency is too low, there is

a (quasi) steady state, and the cluster adapts its position

to the current momentary wall temperatures. However,

even in this case (for lower driving frequencies x3 < x1)

the amplitude of oscillations is smaller than in the reso-

nance, see Figure 5. This suggests that the cluster oscil-

lates due to a resonance, which occurs when x3 % x1.

FIGURE 2

X-component of the center of mass of the system versus time. Af-
ter a short transient, the system reaches a steady state (see Figure
1 for the density profile). The results of MD simulations are shown
by the solid line; the dashed line corresponds to hydrodynamic
theory. The parameters are the same as in Figure 1.

FIGURE 3

Power spectrum of x-component of the center of mass oscillations,
as obtained from MD simulations. The characteristic hydrodynamic
frequency of acoustic modes, x2 5 0.0022, is fairly close to x1 %
0.0028, see text. The parameters are the same as in Figure 1.

FIGURE 4

X-component of the center of mass oscillations both in case of res-
onance x3 % x1 5 0.0028 (dashed line) and for a higher driving
frequency x3 5 0.006 (solid line). The temperature of the thermal
wall, located at x 5 1, is given by Eq. (3) with a 5 1. The other
parameters are the same as in Figure 1.
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SUMMARY AND DISCUSSION
In this work I considered a granular gas driven by two op-

posite thermal walls. For significantly high inelasticity of

collisions, a dense cluster of particles is formed away from

the walls. The density profile was described by the equa-

tions of granular hydrodynamics, and a good agreement

with the results of event driven MD simulations was

obtained. However, MD simulations showed small-ampli-

tude noisy oscillations of the center of mass of the system.

These oscillations are related to fluctuations, intrinsically

present in the system due to the discrete nature of par-

ticles. The role of fluctuations in granular dynamics has

received much recent attention [12–16]; fluctuations

should be taken into account to quantitatively describe

the behavior of granular media.

To study this effect further, the temperature of one of the

thermal walls was varied periodically with time. In this case,

the cluster may or may not develop oscillations depending

on the driving frequency. I showed that the cluster oscilla-

tions become significant when a resonant occurs: the driv-

ing frequency equals the same characteristic frequency of

the system. This frequency is fairly close to the hydrody-

namic frequency of the acoustic modes in the system.

Consider again the case of constant wall temperatures.

Small amplitude center of mass oscillations in the system

can be explained as follows. There is a wide spectrum of

noisy fluctuations in the system because of the discrete

nature of particles. However, amplified are those fluctua-

tions, whose frequency approximately equals to the natu-

ral frequencies in the system, in our case, to the frequency

of acoustic modes. I would like to emphasize, that in the

regime of parameters, considered in the paper, the hydro-

dynamic acoustic modes decay, in contrast to what was

observed in [11] where these modes had positive real part,

leading to hydrodynamic instability.

Both granular hydrodynamics and MD simulations

show that this simple clustering state can exhibit sponta-

neous symmetry-breaking instability. This instability leads

to phase separation: coexistence of dense and dilute

regions of the granulate in the lateral direction perpendic-

ular to the (one or two) driving walls [16–23]. In this work,

I considered the region of parameters where the laterally

uniform stripe state is stable.

In experiments, granular medium is often fluidized by a

rapidly vibrating wall. To what extent a thermal wall can

model the experimental driving? Qualitatively, a thermal

wall is assumed a good approximation when the vibration

amplitude of the driving wall is small (much smaller than

the mean free path of the particles near the wall) and the

frequency of vibration is high (much higher than the parti-

cle collision rate near the wall). It is not clear how to for-

mulate a general hydrodynamic boundary condition,

which would take into account a vibrating wall. In some

important cases, however, it can be done; it was shown

that a constant heat flux boundary condition mimics bet-

ter the vibrating wall [24–27]. Importantly, the existence of

the clustering state does not depend on the exact form of

the boundary conditions.
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