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Qualifying Examination for the Ph.D. in Biomedical SciencesMedical
Physics

II.  MATHEMATICAL METHODS.  Monday, August 25, 1997,  0900-
1230 hrs., 350 HH

Important Instructions:

1)  Answer 6 of the following 8 problems.  DO NOT TURN IN more than six
or you will be credited for the 6 lowest scores.

2)  Answer each problem on a separate page (or set of pages) so that your
exam can be separated and distributed to various graders.  PUT YOUR NAME ON
THE TOP OF EACH PAGE.  If you require more than one page per problem,
STAPLE all pages of a given problem (in order).  PAPER CLIP it all 8 problems
together at the end of the exam.

3)  You may use unannotated mathematical tables and a calculator.  The
proctor may inspect programmable calculators.

1.  A drumhead is made by clamping an elastic membrane to a circular rim of radius R.
Find the normal modes of vibration of the drumhead (in terms of properties of special
functions).  You may assume that the relevant wave speed is v.

2.  The printout on the attached page shows some analysis of the results of field tests of two
brands of pacemakers.  The data represent the time (in months) until servicing of the
pacemaker was required.

a.  What assumptions must be met in order for the pooled variance t-test p-value on the
output to be valid?

b.  Do the assumptions seem to hold in this case?  Be specific.

c.  Briefly explain, in the context of this problem, what the confidence interval in the output
says about the two brands.

3.  Given a function h(x ) , define the function  h ( x)  by

h ( x) =
1
x h(u)du
0

x
∫ .

The function h(x) has the Taylor series

h(x)  = h0 + h1x + ...

where h0 and h1 are constants.

a.  Find the first nonvanishing term in the Taylor series for  h(x ) − h (x ) .
b.  Now with h(x) and h ( x)  as in part (a), define the functions g(x) and g (x )  by
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g(x ) = exp[4π [h(u)−h (u)]2 du
u0

x
∫ ] ,

g (x ) =
1
x g(u)du
0

x
∫ .

Find the first two nonvanishing terms in the Taylor series for g(x) and g (x ) .  (Note: in
parts (a) and (b) express the coefficients of the Taylor series in terms of the constant  h1.

4.  Let   r V be the vector  field

  
r 
V = 6( x + y) ˆ i + 5yˆ j + 23x ˆ k .

a.  Find the line integral    
r 
V •d

r 
l ∫ around the circle x2 +y2 +16, z = 0.  (Traverse circle in the

counterclockwise direction.)

b.  Find a scalar Φ  such that   
r 
∇ Φ=

r 
∇ ×

r 
V .

5   A container  holds a nuclear isotope with concentration  n1 kg/m3 and a  half-life T
seconds.  The isotope decays into a different isotope with concentration   n2 kg/m3.
Develop  a  formula for the ratio n2/n1 as a function  of time t assuming that at t = 0, the
daughter  isotope   is absent.

6.  A study was conducted to examine the effects of various anesthetic  agents  on inorganic
serum phosphorus  levels.  Twenty-nine subjects were randomly selected from the general
population and they were randomly  assigned to four experimental groups.   The following
summary table lists the outcome of this study.

Anesthetic Sample Size Sample Average Sample Variance
Ether             5            4.64         1.2080
Cyclopropane             7            4.63         0.7390
Thiopental             9            3.53         0.2025
Spinal             8            3.08         0.5479

Use the summary information to determine if there is a significant difference in inorganic
serum phosphorous across these agents.  (Perform a test of hypothesis procedure to
compare the mean phosphorus  levels.)

7. A pendulum is constructed from a mass M attached to a massless, rigid rod of length L.
The pendulum is suspended from a massless linear spring of spring constant κ and
equilibrium length l .  Assume that the spring can only move in the vertical direction and that
the pendulum can only move in a plane.

a.  Find the equations of motion of the pendulum bob.
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b.  Find the natural frequencies of vibration.

8.  An immunoassay device can detect  the presence of a certain agent in a test specimen.  In
developing this device, a high degree of accuracy is established through two measures:

• Sensitivity: the probability of test “positive” when the specimen is known to have this
agent.

• Specificity:  the probability of test “negative” when the specimen is known to be free of
this agent.

Assume that the chemical content being measured in a specimen follows a Normal
distribution with mean 175 and standard deviation 20 when the specimen is known to have
this agent.  The device signals a “positive” when the specimen gives a measurement of
142.1 or higher.

Further assume that the chemical content being measured in a specimen follows a Normal
distribution with mean 104.5 and standard deviation 20 when the specimen is known to be
free of this agent.  The device signals a “negative” when the specimen gives a measurement
of less than 142.l.

a.  Use the information given.  Compute the sensitivity and specificity  measures.

b.  Suppose that only 2% of the population has this disease agent.   A person is randomly
selected from this population.  It is known that he tested “positive”.  What is the
probability that this person has this disease?  (Use the result from the previous part.)


