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Qualifying Examination for the Ph.D. in Biomedical Sciences—
Medical Physics 
 
Mathematical Methods                         August 10, 2017 
 
ANSWER 6 OF THE FOLLOWING 10 QUESTIONS.  IF YOU ANSWER MORE 
THAN 6, ONLY THE FIRST 6 WILL BE GRADED.  
 
1. Consider a disk of radius a. Distributed over the disk are particles with a 
density of 𝑛 𝑟 = 𝑁%

&'()'

&*
 particles per unit area. Plot the density of particles as 

a function of the distance to the disk center, r. Derive an expression giving the 
total number of particles on the disk. 

 
 

2. Consider the vector field 𝐅 = 𝑥𝐢 − 2𝑦𝐣 + 3𝑧5𝐤 and the cube 0 < x < 1, 0 < y < 1, 
and 0 < z < 1. Do the necessary surface and volume integrals to show that F 
obeys the divergence theorem. 
 
 
3. You measure the restitution curve, which relates the action potential duration 
(APD) to the diastolic interval (DI), and get 
 
   DI (ms) APD (ms) 
     50    147 
   100    192 
   150    220 
   200    237 
   250    247 
   300    253 
 
Your theoretical model predicts the restitution curve should have the form 
 
  𝐴𝑃𝐷 = 𝐴 − 𝐵𝑒(<= >?? , 
 
where A and B are unknown constants. Use the method of least squares to fit 
your model to your data and determine A and B. 
 
 
4. a) Calculate the Fourier series of the periodic function of period L given by 
𝑦 𝑥 = 	sin D

E
𝑥  over 0 < x < L. 

 
b) Plot the function over -2L < x < 2L, and plot an approximation to the function 
consisting of the first two nonzero terms in the Fourier series. 
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5. The concentration C(x,t) obeys the diffusion equation over 0 < x < L 
 
  FG

FH
= 𝐷	 F

'G
FI'

 . 
 
C = 0 at x = 0 and x = L, and C(x,0) is given by 
 
  𝐶 𝑥, 0 = 	40	 I

E
1 − I

E
 . 

 
a) Use the method of separation of variables to find a series solution for C(x,t). 
b) Find an approximate expression for the time constant governing the decay of 
the concentration, which is accurate for long times. 
 
 
6. Invert the matrix 

  
1 1
0 3

1 0
1 2

2 3
1 0

1 0
2 1

 . 

 
 
7. Two containers of fluid, each of volume V, are coupled by a membrane of area 
A. Both containers are well mixed, so the concentration in each container is 
uniform. The concentration of a solute in the first container is C1(t) and the 
concentration in the second is C2(t). The solute is not created or destroyed, but 
can diffuse through the membrane. The rate of the solute crossing the membrane 
is proportional to A and to the concentration difference C1 - C2. 
a) Write a pair of coupled ordinary differential equations governing the rate of 
change of C1 and C2. 
b) Determine the time constant that will govern how long any differences 
between C1 and C2 take to decay. 
c) If the initial (t = 0) concentration of C1 is Co, and the initial concentration of C2 
is zero, derive expressions for C1(t) and C2(t). 
 
 
8. You are searching for a function y(t), 0 < t < ∞. At small times (t << 1) you want 
the function to increase linearly with time, with a slope of 4. At long times (t >> 
1) you want the function to plateau at a constant value of 12. Consider the 
following three candidate functions 
 
 𝑦 𝑡 = 𝐴	tanh	(𝐵𝑡) ,  𝑦 𝑡 = 𝐶	tan(>(𝐷𝑡) ,  𝑦 𝑡 = UH

>VWH
 , 

 
where A, B, C, D, E, and F are unknown constants.  
a) Determine A, B, C, D, E, and F so each function has the desired properties. 
b) Using the results from a), evaluate y(1) for each function. 
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9. Consider the equation 1 − I
>?

5
= tan 𝑥 , for 0 < x < 10. 

a) How many real solutions are there in this range? 
b) Determine the values of x that solve this equation, each to at least three 
significant figures, for 0 < x < 10. 
Warning: you may have to solve this equation numerically, and when evaluating 
tan(x), be sure you take x as having the units of radians. 
 
 
10. You are a doctor who treats cancer using hyperthermia. Your standard 
treatment heats the tumor up enough to kill the cancer, but has some undesirable 
side effects. A young biomedical engineering has a new way to do hyperthermia, 
using superparamagnetic iron oxide nanoparticles. You decide to perform a test 
to determine if the nanoparticles heat the cancer better than the standard 
treatment. You have 24 patients in your study; 12 get the standard treatment, and 
12 get nanoparticles. You get the following data 
 
  T (°C), standard treatment  T(°C), nanoparticles 
    43    52 
    38    41 
    48    47 
    41    49 
    39    50 
    43    49 
    39    47 
    44    42 
    43    54 
    42    48 
    46    43 
    44    46 
 
Do the nanoparticles heat the tissue significantly better than the standard 
treatment? Justify your answer. Use p < 0.05 as your criterion for significance, 
and consider a one-sided test.  
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