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Qualifying Examination for the Ph.D. in Biomedical Sciences —
Medical Physics

Theoretical Physics                 August 23, 2007

ANSWER 6 OF THE FOLLOWING 10 QUESTIONS.  IF YOU ANSWER MORE
THAN 6, ONLY THE FIRST 6 WILL BE GRADED.

1.  A cylinder of radius R (shown in cross section below) is made out of a "hard"
ferromagnetic material, and has a uniform magnetization Mo inside (in the x di-
rection).

a) Calculate B, H, and M inside and outside the cylinder. Recall, 

€ 

B = µo M + H( )
b) Draw pictures of the B, H, and M fields.

2. In 1907, Einstein published his expression for the specific heat of a solid.  Let's
derive it.  Assume the solid consists of N particles (so 3N degrees of freedom),
with each degree of freedom having the harmonic oscillator energy levels

€ 

En = nhf ,   n=0, 1, 2, 3, ...

(ignore the zero point energy in this problem).  Assume these oscillators are in
thermal equilibrium at absolute temperature T.
a) Determine the normalized probability of finding an oscillator in state n.
b) Determine the average energy of an oscillator (as a function of T and f).
c) Determine an expression for the specific heat of the solid.
d) Find the limit for the specific heat for high temperatures.
e) Find the limit for the specific heat for low temperatures.
The following series may be useful:

€ 

1+ x + x2 + x3 + ... = 1
1− x

  ,

€ 

x + 2x2 + 3x3 + ... = x
(1− x)2

  .
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3.  The magnetic field, B, at point r produced by a current dipole p is

€ 

B r( ) = µo
p × r
4πr3

 .

Assume p is at the origin.
a) Derive expressions for Bx(x,y,z), By(x,y,z) and Bz(x,y,z) as functions of px, py,
and pz.
b) Suppose Bz(x) is measured along the line y=0, z=d. Find the distance Δ be-
tween the maximum and minimum values of Bz along this line, and relate Δ to
the depth of the dipole d.

4. Consider the steady-state flow of molecules through a cylindrical tube of
length L.

x
x=0 x=L

vC=0 C=Co

The molecules are dissolved in a solvent, the solvent moves with speed v to the
right through the tube (the speed is uniform across the cross section of the tube;
ignore viscosity), and the molecules convect along with it.  The molecules also
diffuse down their concentration gradient.  The concentration is governed by the
equation

  

€ 

J = −D dC
dx

+ vC   ,
where J is the flux of molecules (a constant) and D is the diffusion constant.  At
the ends x = 0 and x = L the concentration is held at 0 and Co, respectively.
a) Solve for C(x), in terms of L, D, J, v, and Co (some of these parameters may not
appear in the solution).
b) Plot C(x) when L >> D/v.  Which dominates: convection or diffusion?
c) Plot C(x) when L << D/v.  Which dominates: convection or diffusion?
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5.  a) Use words and pictures to describe Rutherford's experiment that demon-
strated the nuclear structure of the atom.
b) Rutherford's scattering formula is

€ 

N θ( ) = C Z2

E 2
sin θ( )

sin4 θ / 2( )
 .

Explain what each symbol (except C) means physically.
c) Plot 

€ 

N θ( )  versus 

€ 

θ qualitatively.
d) Explain how Rutherford derived his formula.  You don't have to rederive it
yourself, but you should at least explain the basic physical principles it is based
on, and describe any assumptions made.
e) Rutherford observed that his experimental results deviated from his formula
when particles of energy greater than 4 MeV were fired at an aluminum target
(the atomic number of aluminum is 13).  From this observation, estimate the size
of the aluminum nucleus.
f) Briefly describe Rutherford and his times (for instance, when the experiment
was performed, where it was performed, Rutherford's homeland, other devel-
opments in physics that impacted Rutherford's work, and ideas that grew out of
his work).
g) What did Rutherford mean when he said "It was as if you fired a 15-inch shell at
a sheet of tissue paper and it came back to hit you."

€ 

e =1.6 ×10−19C , 

€ 

k =
1

4πεo
= 9 ×109 Nm

2

C2
, 

€ 

me = 9.1×10−31 kg ,

€ 

c = 3.0 ×108 m
s

, 

€ 

h = 6.6 ×10−34 J s

6. The ground state of the harmonic oscillator has energy 

€ 

hf / 2 and wave func-
tion

€ 

u0( x) = x0
−1 / 2π−1 / 4e−s

2 / 2

where s = x / x0 , and x0  is a constant.  The first excited state has energy 

€ 

3hf / 2 and
wave function

€ 

u1( x) = (2 / x0 )
1 / 2π−1 / 4se−s

2 / 2

At t=0, the wave function is

€ 

ψ( x,0) =
1
2
[u0(x) − i u1( x)]

a)  What is the wave function ψ (x, t)  at time t?
b)  What is the probability that x > 0 at time t?
c)  What is the expectation value of the energy?
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7.  a) Write the Lagrangian 

€ 

L = T −V  for the double pendulum. Both masses m
are the same, and both lengths S are the same. Take the potential energy V to be
zero when both angles θ and φ are zero. Assume the angles are small.
b) Write the Lagrange's equations of motion for the double pendulum

€ 

d
dt

∂L
∂˙ x i

−
∂L
∂xi

= 0  .

c) Find the normal frequencies.

θ

φ

m

m

S

S

8. A nerve axon lies along the x-axis.
a) Use Ampere's law 

€ 

B ⋅ dl = µo∫ Ienclosed  to calculate the magnetic field B(r) pro-
duced a radial distance r from the axon, at x=0.  Assume that the axon carries an
intracellular current Ii(x) such that

€ 

Ii x( ) =
I −Δx / 2 < x < Δx / 2
0 elsewhere
 
 
 

.

Remember to include the current in the extracellular volume conductor (un-
bounded, homogeneous, isotropic) surrounding the axon.
b) Use the law of Biot and Savart

€ 

B r( ) =
µoI
4π

ds'× r − r'( )
r − r' 3

∫

to calculate the same magnetic field at the same location.  Only integrate over the
intracellular current (the extracellular current does not contribute to the magnetic
field in the law of Biot and Savart).
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9.  Clausius statement of the second law of thermodynamics: No process is possible
whose sole result is the transfer of heat from a cooler to a hotter body.
      Kelvin statement of the second law of thermodynamics: No process is possible
whose sole result is the absorption of heat from a reservoir and the conversion of this heat
into work.
a) Show that if the Clausius statement of the second law of thermodynamics
were false, then the Kelvin statement of the second law would be false.
b) Show that if the Kelvin statement of the second law of thermodynamics were
false, then the Clausius statement of the second law would be false.

If you can complete parts a) and b), you will have shown that the Clausius
and Kelvin statements of the second law are equivalent.

10.  Five grams of carbon, recently sampled from a live oak tree, gives an average
of 201 radioactive decays per minute.  Eight grams of carbon taken from an oak
axe handle at an archeological site gives an average of 93 radioactive decays per
minute. The half-life of Carbon-14 is 5730 years.  How old is the axe?


