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Atoms and Light

This document contains material from Chapter 10 of the first edition of

Intermediate Physics for Medicine and Biology by Russell K. Hobbie, New

York, John Wiley & Sons, 1978. Copyright c© 1978, John Wiley & Sons,

Inc. Copyright c© 2007, Russell K. Hobbie.

Much of the material from that chapter appears in Chapter 14 of the

fourth edition, as indicated below. Material which was only in the first

edition is reproduced here. Sections 11—19 describe the nature of polar-

ized light, birefringent crystals, optical activity and a biological example.

Section 10.20 treats the Einstein A and B coefficients, which relate the

absorption and emission of light by atoms or molecules. Section 10.21 dis-

cusses the relationship between emission rate and the width of a spectral

line. Section 10.22 describes the line width for absorption of radiation. Sec-

tion 10.23 describes electron spin resonance.

10.1 The Nature of Light

See Section 14.1 in the fourth edition.

10.2 Atomic Energy Levels and Atomic Spectra

See Section 14.2 in the fourth edition.
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10.3 Molecular Energy Levels

See Section 14.3 in the fourth edition.

10.4 Biological Examples of Emission, Absorption
and Fluorescence

10.5 Spectra of Liquids and Solids: Blackbody
Radiation

See Section 14.7 in the fourth edition.

10.6 Radiative Heat Loss by the Human Body

See Section 14.8 in the fourth edition.

10.7 Thermography

10.8 Biological Effects of Ultraviolet Radiation
from the Sun

See Section 14.9 in the fourth edition.

10.9 Photometry

See Section 14.11 in the fourth edition.

10.10 Some Properties of the Eye: Quantum
Effects in Dark-Adapted Vision

See Section 14.13 in the fourth edition.

10.11 The Electromagnetic Nature of Light

The phenomena we have considered so far are most easily described in terms

of photons. There is a whole class of other phenomena, such as interference,
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diffraction, and polarization, which are most simply described by regarding

light as electromagnetic waves. These phenomena can also be described in

terms of photons, but it is much more difficult to do so.

Certain experiments with light waves show that the waves can have a di-

rectional property perpendicular to the direction of propagation. A number

of these experiments are described in the next few sections.

The fact that light is electromagnetic in nature is consistent with these

observations. Electromagnetic theory shows that a propagating electromag-

netic wave is possible if the electric field vector E, the magnetic field vector

B and the direction of propagation are all mutually perpendicular.

The force that one charged particle exerts on another is described by the

electric and magnetic fields. If an electric field E and a magnetic field B

exist in a region of space where a particle of charge q moves with velocity
v,the total force on the particle is given by (Chapter 8 in the second and
subsequent editions)

F = q (E+ v ×B) (10.41)

This force is sometimes called the Lorentz force. It has two components:
one parallel to and proportional to E, and the other at right angles to both
v and B and proportional to each.

We have seen the electrical force before in Chapter 6. In a development
from first principles1 , the magnetic field is introduced the same way we
introduced the electric field in Chapter 6; the force between two moving
charges is observed and has properties described by the second term of Eq.
10.41 if the magnetic field is invented.

The other half of the story is how E and B are related to the charges
that generate them. Consider a vacuum containing charges which may be
at rest or moving. (That is, ignore effects like polarization.) The charges
give rise to the electric field in a manner described by Coulomb’s law or
the equivalent, Gauss’s law:

∫∫

closed surface

E · dS =
q

ε0
(10.42)

The magnetic field has a similar property, except that no magnetic “charge”
has ever been discovered. The right-hand side of the equation is zero:

∫∫

closed surface

B · dS = 0 (10.43)

If there is no magnetic charge, how is a magnetic field produced? Moving

charges, that is, an electric current, give rise to a magnetic field satisfying

1The first edition did not have a chapter discussing magnetic fields. They are discussed

in Chapter 8 in later editions.
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the relationship ∮

closed path

B · ds = μ0i (10.44)

This is known as Ampere’s law. (We will see that it is not complete in this
form.) The magnetic field (or, more correctly, the magnetic flux density) is
in units of weber per square meter (Wb m−2) or tesla (T), and the current
is in A. The constant μ0 is defined to be

μ0 = 4π × 10
−7
WbA

−1
m
−1

A changing magnetic field gives rise to an electric field (Faraday’s induc-
tion law) ∮

closed path

E · ds = −
∂

∂t

∫∫

any surface bounded
by the closed path

B · dS (10.45)

It was Maxwell who suggested that there is a fundamental symmetry in
the last four numbered equations, which was masked by the fact that there
are no magnetic charges. That is, a changing electric field should give rise
to an electric field, so that Eq. 10.44 has a term analogous to that in Eq.
10.45: ∮

B · ds = μ0i + μ0ε0
∂

∂t

∫∫
E · dS (10.46)

The reason that Eq. 10.45 does not have a term analogous to μ0i is because
it would represent a current of magnetic charges, which as far as we know

does not exist.

The four equations 10.42, 10.43, 10.45 and 10.46 are called Maxwell’s

equations. One can show that they allow the propagation of an electro-

magnetic wave with simultaneously changing electric and magnetic fields.

The speed of propagation of this wave is given by

c =
1

√
μ0ε0

=

1

(8.85× 10−12 × 4π × 10−7)1/2

= 3× 10
8
m s

−1

10.12 Plane Waves

One can show that a solution to Maxwell’s equations in the form of a

propagating wave requires that E, B, and the direction or propagation

all be mutually perpendicular. One possible solution is a plane wave, in

which E and B change only in the direction of propagation. Suppose that
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propagation is in the z direction. Then, if E is assumed to be along the x

axis, we can write

E(z, t) = x̂Ex(z − ct)

B(z, t) = ŷBy(z − ct)

The symbols x̂ and ŷ stand for vectors of unit length in the direction of

the x and y axes.

If the variation of E and B is sinusoidal, then the magnitudes of the

vectors are

E
x
(z − ct) = E0 sin

[
ω(z − ct)

c

]

= E0 sin (kz − ωt)

and

By(z − ct) = B0 sin (kz − ωt) (10.47)

The factor

k =
ω

c
(10.48)

is called the wave number. It is related to the wavelength by kλ = 2π, or

k =
2π

λ
(10.49)

In order for these expressions for E and B to satisfy Maxwell’s equations,
one can show that it is necessary to have

B0 = (
√
μ0ε0)E0 =

E0

c

This relation is true at any instant as well. The plane wave is pictured in

Fig. 10.34.

FIGURE 10.34. A snapshot of an electromagnetic wave traveling in the z direc-
tion.
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The instantaneous power per unit area in an electromagnetic wave can
be regarded as a vector in the direction of propagation. It is called the
Poynting vector, S:

S =
E×B

μ0

(W m−2)

For a plane wave the magnitude of S is

S =
ExBy

μ0
=

ExEx

μ0c
= cε0E

2
x

The average value of the magnitude of S is called the intensity. For a plane
wave it is

I = 〈S〉 =
(cε0

2

)
E2

0 (10.50)

10.13 Polarization

Light is a transverse wave, since E and B are at right angles to the direction
of propagation. This means that there is a direction associated with the
wave other than the direction of propagation. The polarization vector is
defined to be the direction of E.
If E always points in the same direction at the observation point, then

the wave is said to be linearly polarized. A time plot of such a wave is
shown in Fig. 10.35, polarized along the y axis. The direction of E and the
direction of propagation define the plane of polarization.
It is not necessary that E point along the y axis. If it points in some

other direction in the xy plane, it will have components

Ey = E0y sin(kz − ωt)

Ex = E0x sin(kz − ωt)

where E0y = E0 sin θ and E0x = E0 cos θ. The two components still vibrate
in phase. This is shown in Fig. 10.36.
If the two components of E are out of phase with each other, the result is

more complicated. Figure 10.37 shows what happens if the phase difference
is π/2 and the amplitudes are the same. The result is circularly polarized
light.
For any intermediate phase difference, the light is elliptically polarized:

the tip of the E vector traces out an ellipse in the xy plane with the passing
of time. Figure 10.38 shows head-on views of what happens when Ex and
Ey have the same amplitude, as their relative phase changes from zero
through a complete cycle. The equations used to calculate these were

Ex = sin(−ωt)

Ey = sin(−ωt − φ)



10.13 Polarization 7

FIGURE 10.35. The components of E for a wave linearly polarized along the y
axis. (a) Ey vs. t. (b) Ex vs. t. (x) Ey vs. Ex.

FIGURE 10.36. A linearly polarized wave at a 45 ◦ angle with the x and y axes.
The two components of E are in phase. (a) Ey vs. t. (b) Ex vs. t . (c) Ey vs. Ex.
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FIGURE 10.37. Circularly polarized light is generated if E has a constant ampli-
tude and rotates in a circle. The components both have the same amplitude but
are 90 ◦ out of phase.
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FIGURE 10.38. Head-on views of the locus of E as a function of time for sinu-
soidally varying x and y components of constant amplitude but varying phase
difference.
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FIGURE 10.39. (a) Linearly polarized light is oriented at 45 ◦ to the x and y
axes so that Ex = Ey. (b) A relative phase shift of π is introduced, effectively
multiplying one component by −1. The light is now polarized at right angles to
the direction in (a).

For any phase difference that is not a multiple of π/2 the light is elliptically
polarized. When φ is 0, π, 2π, etc., it is linearly polarized. For a relative
phase shift of π, 3π, etc., the light is linearly polarized at right angles to
the original direction of polarization. This will be important to us later. A
phase shift of π/2 or 3π/2 causes the light to be circularly polarized. The
direction of rotation for the elliptically or circularly polarized light changes
when φ > π.
The reason a phase shift of π causes the light to be linearly polarized

can be understood by looking at Fig. 10.39. Shifting the phase of Ey by π
multiplies by −1, which causes the vector sum of Exand Ey to be as in (b)
instead of as in (a).

FIGURE 10.40. Two circularly polarized waves, one right-handed and one left-
-handed, add to make a linearly polarized wave if both have the same amplitude.

The E vector can rotate either clockwise or counterclockwise in circu-
larly polarized light. If when viewed head on (with the light moving toward
you) E rotates clockwise, it is said to have right-handed polarization; when



10.14 The Generation of Polarized Light 11

it rotates counter-clockwise it is called left-handed.2 . Just as it is possible
to combine two linearly polarized waves to make one that is circularly po-
larized, two circularly polarized waves can be combined to make a linearly
(or elliptically) polarized wave. One component rotates clockwise and the
other counterclockwise. Consider two E vectors with equal amplitude A
rotating in opposite directions as shown in Fig. 10.40. Twice per rotation,
both vectors point in the same direction. Call that direction the x axis.
The angle of the first vector with respect to the x axis is θ = ωt, and the
angle of the other is −θ = −ωt. One can see from Fig. 10.40 that their
sum always points along the x axis. This can also be shown by adding the
components of each vector:

E1x = A cos θ E1y = A sin θ

E2x = A cos(−θ) E2y = −A sin θ

The sum of the two vectors is along the x axis and has the value

Ex = 2A cosωt

Ey = 0

10.14 The Generation of Polarized Light

The discussion above has dealt with possible behavior of the electric field
vector in a polarized light wave. We have said nothing about how polarized
light might be produced. It turns out, in fact, that each photon emitted by a
single atom is polarized. To produce unpolarized light requires a collection
of atoms all emitting photons independently and randomly.
Rather than use the quantum mechanical model of production of pho-

tons, each of which is polarized, we will use a classical model for the pro-
duction of polarized light by individual electrons. All the features we will
need can be explained by this model.
The four Maxwell’s equations have a solution in which an electromagnetic

wave moves through space when the electric charge in Eq. 10.42 and the
current in Eq. 10.46 are both zero. A detailed study of these equations
shows that a charge that is at rest or moving generates around it an electric
field given by Coulomb’s law. This field travels away from the charge with
the speed of light. If the charge is moved or disturbed in some way, there
is no effect on the field a distance r away until a time t − r/c later A
charge that is moving with a constant speed (a steady current) generates a
magnetic field in addition to the electric field. If the charge is accelerated,
an additional electric field is produced which falls off as 1/r instead of as

2See Crawford (1965) p. 400 or Rossi (1957) p. 272.
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FIGURE 10.41. The radiated electric field at a large distance from an accelerated
positive charge.

1/r2. This is the radiated field. It is proportional to the acceleration. A
detailed calculation shows3 that a charge with acceleration a produces a
tangential field E = Eθ, where

Eθ(r, t) =
qa sin θ

4πε0rc2

∣∣∣∣
evaluated at the

earlier time t−r/c

(10.51)

The direction θ̂ is defined in Fig. 10.41. The quantity a sin θ is the mag-
nitude of a vector an normal to the line of sight from the position of the
charge at time t− r/c to the observation point. This equation is the basis
for our understanding of the production of polarized light. It says that at
any instant of time t, the radiated electric field is proportional to an, with
the acceleration and the location of the charge evaluated at the earlier time
t′ = t − r/c. If the charge is positive, E is in the direction opposite to an.
(Note that in Fig. 10.41, an points downward and E points upward. There
is no minus sign in Eq. 10.51 because Eθ is understood to point in the
direction of increasing θ.)
We are now in a position to understand how polarized light can be pro-

duced. Suppose that an atom contains an electron that is in a circular orbit.
The electron has an acceleration that always points toward the center of
the circle. If the electron is observed from point A in Fig. 10.42 on the axis
of revolution of the electron, the normal component is the total accelera-
tion a. Since a rotates in a circle, so does E. At point B the direction of
an does not change, but its magnitude oscillates sinusoidally; the light is
linearly polarized. At point C the light is elliptically polarized.

3Rossi (1957) p.340.
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FIGURE 10.42. The polarization of light emitted by an electron in a circular
orbit varies, depending on the point of observation. At A the light is circularly
polarized; at B it is linearly polarized; at C it is elliptically polarized.

A single atom radiates light for about 10−8 s (the exact time varies).The
radiated electric field at a fixed point in space is of the form

E(t) = E0e
−t/τ sinωt

where typically ω = 1016 s−1 and τ ≈ 10−8 s. The radiating electron in the
atom moves in a circular orbit.4 At a fixed point in space, the light from
a single atom has a definite polarization–linear, circular or elliptical–
depending on the obliqueness with which the orbit is viewed. For an ordi-
nary source, the planes of these orbits are randomly oriented and the light
is a mixture of all kinds of polarizations. This is called unpolarized light. If
the atoms are placed in a magnetic field, the orbits are aligned with their
planes perpendicular to the field.5 The light then has a definite polarization
as shown in Fig. 10.43.
Polarized light can be produced by scattering. Suppose that polarized

light strikes a collection of atoms (Fig. 10.44). Ignoring the forces between
an electron and the rest of the atom, we can say that the acceleration of
the electron is a = F/m = qEin/m, where q is the electron charge, m its
mass, and Ein is the electric field in the incident beam. The radiated field is
given by Eq. 10.51. In the xz plane an and Eθ are a maximum; along the y
axis they are zero. Unpolarized light is a random mixture of polarized light
at all possible orientations. In Fig. 10.44, unpolarized incident light would

4We are using here a completely classical model. It can be connected to quantum
mechanics and energy levels in the following way. It is possible to show (see Dean, 1959

or Park, 1964, p. 302) that while the atom makes the transition from one state to the
other, its charge distribution behaves as if it were making this classical motion.

5There is also a slight shift in the frequency of revolution of the electron (or quantum
mechanically, the spacing of the energy levels). It is called the Zeeman effect.
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FIGURE 10.43. A radiating source placed in a magnetic field emits polarized
light. The plane of the electron orbits is perpendicular to the field. When viewed
perpendicular to the orbit plane, the light is circularly polarized. Light emitted
in the plane is linearly polarized. In other directions it is elliptically polarized.

FIGURE 10.44. Light polarized along the y axis travels along the x axis and
accelerates an electron at the origin. The normal component an is maximum for
light radiated in the yz plane. No light is radiated along the y axis.
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FIGURE 10.45. Relation of Ein and Eout for light passing through a polarizing
filter. Only the component of Ein parallel to the nonabsorbing axis (axis of easy
transmission) gets through.

have Ein in any direction perpendicular to the x axis. Light traveling along
the z axis must have polarization components along either y or x. Since Eθ

is parallel to Ein, the light scattered along the z axis is polarized in the y
direction, even if the light in the incident beam is unpolarized. Light that is
scattered at intermediate angles to the incident beam is partially polarized.
Light that makes the sky blue is scattered sunlight and is polarized in this
manner.
Note added in 2007: An article presenting a simple but detailed model

of the polarization of skylight, along with a description of how insects use
polarized skylight to navigate, is found in Smith (2007).

10.15 Polarization by Selective Absorption
(Dichroism)

The selective absorption of light of different polarizations by matter can be
used to produce polarized light from unpolarized light. The phenomenon
of selective absorption is called dichroism.
In our classical model, light interacts with matter by exerting a force

on the electrons within the molecules or atoms. As an electron moves in
response to all the forces acting on it (due to the electric field from the light
and from all the other charges within the atom), it may absorb energy from
the light which is dissipated as heat. In a dichroic substance the amount of
light absorbed depends on the orientation of the electric field. For example,
the molecules of a substance may form long chains. The electrons are free
to move along the chains but not at right angles to the chains. If Ein is
parallel to the chain, the electron can move, gain energy from Ein, and lose
it as heat.
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When Ein is at an angle to the direction of maximum absorption, it can
be resolved into components parallel and perpendicular to that direction
(Fig. 10.45). The emerging Eout is parallel to the nonabsorbing direction,
the “axis of easy transmission.” The magnitude is

Eout = Ein cos θ

where θ is defined in Fig. 10.45. The intensity of the light is proportional
to E2, so

Iout = Iin cos
2 θ (10.52)

This relationship is known as the Law of Malus. If a polarizer is placed with
its axis perpendicular to the polarization of a beam striking it, cos2 θ = 0
and no light gets through. However, if another polarizer at an intermediate
angle is placed in front of the polarizer, light does get through (Fig. 10.46).
The magnitude of E after the intermediate polarizer is E1 = Ein cos θ1.
Emerging from the final polarizer it is

FIGURE 10.46. Light is produced which is polarized linearly in the direction
indicated by Ein. If it strikes a polarizing filter oriented at right angles to Ein,
no light gets through. If another polarizing filter oriented at angle θ1 is introduced,
the light emerging from it is polarized along its transmission axis.. There is then
a component of polarization parallel to the transmitting axis of the polarizing
filter, and some light gets through.

E2 = E1 cos θ1 cos θ2.

Since θ1 + θ2 = π/2, the intensity is

I2 = Iin cos
2 θ1 sin

2 θ1

When θ1 = π/4, I2 = Iin/4.
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10.16 How Polarization Affects the Speed of Light
in a Crystal; Birefringence

Light travels in a vacuum with speed c. The transmission of light through
matter is always at a speed less than c because of the interaction of light
with the atoms of the substance. Since the interaction with the atoms is
due to the force the electric field of the light exerts on the electrons in
the substance, it is not surprising that the speed of the light in matter
can depend on the direction of the electric field. Note particularly that
the speed depends on the direction of the polarization of the light, not the
direction of propagation: a wave polarized along the z axis travels with the
same speed along the x axis or the y axis or any direction in between.
The speed of light in an optically isotropic substance can be described

by one number, the index of refraction, n:

v =
c

n

The index of refraction is the same for all directions of propagation of the
light and all directions of polarization.

FIGURE 10.47. Examples of crystal shapes with cubic symmetry. (These are not
the only shapes with cubic symmetry.)

In a general anisotropic crystal, the index of refraction depends on the
orientation of the electric field with the symmetry axes of the crystal. The
index of refraction can be related6 to three principal indices of refraction,
nx, ny,and nz. For crystals with cubic symmetry, such as those shown in
Fig. 10.47, the principal indices of refraction turn out to be equal, nx =
ny = nz, and the crystal is isotropic as far as its optical properties are
concerned.
The crystals that will interest us here belong to an intermediate class, not

isotropic, yet not as complicated as the general case. Two of the three in-
dices of refraction are the same. (Crystallographers call these crystal classes
trigonal, hexagonal, and tetragonal.) Two examples of crystals with this

6For details, see Rossi, 1957, Ch. 8; Sears, 1949; or Wood, 1964.
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property are shown in Fig. 10.48. It is conventional in crystallography to

FIGURE 10.48. A hexagonal and a tetragonal crystal. These crystals have suffi-
cient symmetry in the xy plane so that nx = ny = nxy.

call the unique symmetry axis of the crystals the z axis; it is also called the
optic axis. Since there is only one unique axis, these crystals are also said
to be uniaxial.
Since nx = ny = nxy for these crystals, any wave propagating along

the optic (z) axis is polarized in the xy plane and has a speed that is
independent of polarization:

v =
c

nxy

A wave propagating perpendicular to the optic axis (say in the y direc-
tion) has a speed that depends on what direction the polarization points.
Two particular directions will be of interest to us. If it is polarized parallel
to the optic axis, it travels with speed

vpol z =
c

nz

If it is polarized along x, it travels with speed

vpol x =
c

nxy

If nz > nxy (so that vpol z < vpol x ), the crystal is said to have positive

birefringence. If nz < nxy, the birefringence is negative (Fig. 10.16).

Relative n Birefringence A wave polarized along the optic axis travels
nz > nxy + Slower
nz < nxy − Faster
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10.17 Retarder Plates

A retarder plate can be a single crystal or a substance in which long chain
molecules are lined up in the same direction (as in a piece of cellophane).7

It is used to change the relative phases of components of polarized light
passing through it. One component is along the optic axis; the other is
at right angles to it. Let the light propagate in the y direction. Consider
first light polarized in the slow direction; that is along the optic axis of the
crystal if it has positive birefringence, or along the x axis if it has negative
birefringence. The electric field of the slow wave is

Es(y, t) = E0s cos(ksy − ωt)

Note that s refers to the polarization direction. The wave number for light
polarized in the s direction is ks = 2π/λs. Since λs = vs/ν = c/nsν, while
ion a vacuum the wavelength is λ0 = c/ν,

λs =
λ0
ns

ks = nsk0

The wavelength is shorter in the crystal than in vacuum because the wave
is traveling more slowly. We can therefore write

Es(y, t) = E0s cos(k0nsy − ωt)

For light polarized along the fast axis,

Ef (y, t) = E0f cos(k0nfy − ωt)

7This discussion is written as though the retarder plate is a uniaxial crystal. In
practice, retarder plates are made of mica or gypsum, minerals that have three indices

of refraction. If such retarders are mounted properly, they can be thought of as having
a fast and a slow axis at right angles to each other (Wood, 1964, Chapter 13).
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If Ef and Es are in phase when the light enters the retarder plate, there
is a phase difference between the two components after traveling a distance
L through the plate

∆φ = φs − φf = k0L(ns − nf )

=
2L(ns − nf )

λ0
(10.53)

The phase difference depends on both the thickness of the retarder plate
and the wavelength of the light. If ∆φ = 2π, 4π, etc., the waves have the
same phase relationship on leaving that they have on entering the retarder,
and there is no change in the polarization.
We will restrict ourselves now to the case in which linearly polarized light

strikes the retarder and the direction of polarization is at 45 ◦ with the optic
axis of the retarder. This makes the wave amplitudes the same: E0s = E0f .
If the thickness of the plate and the wavelength of the light are such

that ∆φ = π/2, 3π/2, etc., the retarder plate introduces a quarter-cycle
phase shift between the two components. Since the amplitudes are the
same, the emerging wave is circularly polarized (recall Fig. 10.38). Con-
versely, a circularly-polarized wave entering a retarder under these condi-
tions emerges linearly polarized. The device is called a quarter-wave plate

for light of that wavelength.
If the thickness and wavelength cause a phase shift ∆φ = π, 3π, etc.,

the retarder is called a half-wave plate. The emerging light is again lin-
early polarized (Fig. 10.38), but it points in a direction at right angles to

the direction of the original polarization. Light of all other wavelengths is
elliptically polarized.
It is worth repeating that the incident light should be linearly polarized

and oriented at 45 ◦ with the axis8 of the half-wave plate. The usual geom-
etry for doing this is shown in Fig. 10.49. In that figure, the incident light
has passed through a polarizing filter (polarizer) that is oriented vertically.
The axis of the half-wave plate runs from lower left to upper right, and
the light which is shifted by half a wave emerges polarized horizontally.
Another polarizing filter, the analyzer, is placed “downstream” and is ori-
ented horizontally. Light that has just the right wavelength for the retarder
to act as the half-wave plate will be completely transmitted through the
analyzer. Light for which the total phase shift is 2π (or a multiple) will
emerge polarized vertically, and none will get through the analyzer. Light
of any other wavelength will be elliptically polarized with a major axis at
some angle to the analyzer, and part of it will get through. To understand
the colors that are seen with white light, suppose that green is the wave-

8“Axis” means the slow axis of the retarder plate. If the retarder is a uniaxial crys-

tal with positive birefringence, this is the same as the optic axis. If it has negative
birefringence, it is at right angles to the optic axis. See Fig. 10.16.
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FIGURE 10.49. The effect of a half-wave retarder. The standard direction of the
slow axis of the retarder plate is from lower left to upper right. (a) The radiation
incident on the retarder is polarized vertically. (b) The electric field has compo-
nents along the slow and fast axes. (c) The retarder introduces a phase shift of
π which effectively reverses the direction of one component. (d) As a result the
emerging light is polarized at right angles to the direction of the original polar-
ization. An analyzer can then select all of the light with this polarization or none
of it, depending on how it is oriented. The retarder introduces a half-wavelength
phase shift for only one wavelength. For other wavelengths the emerging light is
elliptically polarized.
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length that is shifted by 2π and does not get through at all. The plate is a
half-wave retarder for light of twice the wavelength of green light (that is,
in the infrared). Both red and blue light are partially transmitted by the
assembly of retarder, polarizer, and analyzer. Light that was initially white
appears reddish purple. It is similar to the magenta of subtractive color
photography; it is not precisely magenta because the detailed spectrum is
not the same. The retarder is sometimes called a first-order red plate.

FIGURE 10.50. A quartz wedge is placed between the crossed polarizers of Fig.
10.49. The wedge is thicker towards the lower right in the picture. The first order
red compensator discussed in the text has a thickness corresponding to the red
region on the border between first and second orders. Reproduced from E. A.
Wood. Crystals and Light. Copyright c© 1964 Elizabeth A. Wood. Transparency
courtesy of Dr. Elizabeth Wood

Figure 10.50 shows a wedge of quartz that has been placed between
crossed polarizing filters. Quartz has a positive birefringence; the optic axis
is the slow axis and runs from lower left to upper right as in Fig. 10.49. The
point between the labels “first order” and “second order” is the thickness
for which green light does not get through. Where the quartz is slightly
thinner blue does not get through and the light appears yellow; for thicker
quartz red does not get through and the light appears blue.
A layer or two of “old fashioned” cellophane tape can be used as a re-

tarder.9 The new tapes with a frosted surface are isotropic and will not
work.

9See Cloud (1973); Owed (1971); or Wood (1964), p. 111.
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10.18 Gout and Pseudogout

Gout is a painful inflammatory joint disease. It is mimicked by another
disease, pseudogout. In gout, the synovial (joint) fluid contains crystals of
monosodium urate; in pseudogout there are crystals of calcium pyrophos-
phate. Since the underlying metabolic problems and therefore the treat-
ment are different in gout and pseudogout, it is important to distinguish
between them. The crystals can be distinguished by their birefringence.
Since the crystals are microscopic, the polarizer, retarder, and analyzer

are all introduced into a microscope. The sample is placed next to the re-
tarder.10 In some microscopes the retarder and polarizer are fixed in the
positions of Fig. 10.49. In other instruments they can be rotated indepen-
dently. (Since proper operation of the instrument depends on the polarizer,
retarder, and analyzer being at 45 ◦ to one another, this freedom of adjust-
ment can be quite confusing.) The unknown crystals are placed on a micro-
scope slide and rotated so that the long axis of the crystal is parallel to the
slow axis of the retarder. If the crystals are monosodium urate, which has
negative birefringence, the phase sift introduced by the crystal is opposite
to that introduced by the retarder. The retarder is effectively “thinner,”
and the crystal appears yellow. If the crystal is calcium pyrophosphate,
which has a positive birefringence, the phase shift in the crystal is in the
same direction as in the retarder, the retarder is effectively thicker, and the
color is blue. Figure 10.51 shows photomicrographs for patients with gout
and pseudogout. The details are explained in the caption.

10.19 Rotation of the Direction of Polarization;
Optical Activity

It was stated above that if light travels along the optic axis of a uniaxial
crystal, its polarization state remains unchanged, since nx = ny. This is
true for most crystals. For a few substances, however, the light remains
linearly polarized, but its plane of polarization rotates by an amount pro-
portional to the distance it has traveled through the crystal. The effect is
found in some liquids and gases as well. Such substances are optically ac-

tive. Some substances rotate the plane of polarization in one direction and
some in the other.
An optically active substance has a helical structure, like the thread of

a screw. In the few crystals that exhibit optical activity, it is the helical
structure of the crystal lattice; in solutions or gases it is the helical structure
of the molecules themselves.

10For further details of a polarizing microscope, see Chapters 10 and 11 of Wood,
1964.
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FIGURE 10.51. The use of a polarizing microscope to distinguish between gout
and pseudogout. (a) Joint fluid under ordinary light. The circular objects are
polymorphonuclear leukocytes (white cells) due to inflammation. (b) Between
crossed polarizing filters, the unknown crystal passes some light, indicating that it
is birefringent. (c) When the retarder is added and the crystal is oriented with the
long axis parallel to the slow axis of the retarder, the crystal appears blue, indi-
cating that it has positive birefringence. It is calcium pyrophosphate. The patient
has pseudogout. (d) Another unknown crystal between crossed polarizing filters.
(e) When the retarder is added the crystal appears yellow. The monosodium
urate crystal has negative birefringence; the patient has gout. (Transparencies
courtesy of Donald Gleason, M. D.)
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The sign convention for the rotation of the polarization is as follows. Sup-
pose that circularly polarized light travels toward you. If the polarization
as you see it is rotating clockwise, the angle of rotation is positive and the
substance is dextrorotatory. If it is rotating counterclockwise the substance
is levorotatory. These are the same conventions as for right-handed and
left-handed polarization (section 10.13).
The sugar dextrose is dextrorotatory; levulose has the same molecular

composition but its helical structure turns the other way and it is lev-
orotatory. The details of structure can be quite important in biochemical
reactions, where molecules must fit together quite closely to be bound to-
gether by van der Waals forces. For example, dextrose is reabsorbed in the
tubules of the kidney, but levulose is not. All DNA is dextrorotatory.11

When a molecule exhibits optical activity, the effect can usually be seen
as a small difference in the left- and right-handed versions, if it forms crys-
tals. Pasteur discovered that racemic acid consists of equal mixtures of
right- and left-handed crystals. He sorted these crystals with tweezers un-
der themicroscope and found that when separated they had optical activity.
The right-handed version is tartaric acid.
The explanation of optical activity is quite complicated12 and has been

the subject of some controversy in the past. A helix or screw thread can
be constructed in either a right-handed or left-handed version. Since cir-
cularly polarized light has a “handedness”and since molecules or crystals
with a helical structure have a handedness, it is not surprising that circu-
larly polarized light travels at different speeds through an optically active
substance„ depending on its handedness. Desobry and Kabir (1973) dis-
cuss and resolve the controversy that has existed in the past over classical
models to explain optical activity, and they show the relationship of these
models to quantum-mechanical models.
We will not pursue these arguments here; we will simply show that lin-

early polarized light can be resolved into two components of circularly
polarized light, and that the propagation of these circularly polarized com-
ponents with different speeds has the effect of rotating the plane of polar-
ization of the light, which remains linearly polarized.
The resolution of the linearly polarized light into components is shown

in Fig. 10.52. The incident light at z = 0 is polarized along the x axis.
At any instant of time the left-handed circular component makes an angle
θl = ωt with the axis, while the right-handed component makes an angle

11The occurrence of left-handed and right-handed helical structures in nature is dis-
cussed by Gardner (1964).

12References for those who wish to pursue this field are Djerassi (1960), Martin (1973),
or Ridgeway (1963).
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FIGURE 10.52. Rotation of the plane of polarization by optically active mole-
cules. (a) The initially plane-polarized light can be resolved into components of
left- and right-handed circularly polarized light. (b) After traveling a distance z
through the material, the sum of the components makes an angle α with the axis.

θr = −ωt. For some other value of z the angles are

θl = ωt − knlz

θr = −(ωt− knrz)

The sum of the components points at an angle α which is positive for
clockwise rotations:

α = −
θr + θl

2

=
k(nl − nr)z

2
=

π(nl − nr)z

λ0
(10.54)

The angle of rotation is independent of t so the light is linearly polarized.
The angle of rotation is proportional to the distance the light has trav-
eled in the substance. If nl > nr , angle α is positive and the substance is
dextrorotatory.
Variation of the index of refraction of a substance with wavelength is

called dispersion. Variations in the rotatory power reflect differences in
variation of nl and nr and are called optical rotatory dispersion. There
is often a strong change in rotatory power near wavelengths at which a
molecule absorbs light. This change is called the Cotton effect. A detailed
discussion of its measurement is beyond us; a reference to the subject is
Velluz (1965).

10.20 Absorption and Emission of Radiation

If you ever use absorption or emission spectroscopy or fluorescence in a
research environment, you will need to know something about the relative
probability for the emission and absorption of radiation at different fre-
quencies and understand the terms lifetime and line width. The next few
sections introduce you to the terminology of this area.
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Emission or absorption of a photon occurs when a system changes from
one allowed energy to another, with the energy difference between the two
levels ∆E related to the photon frequency by ∆E = �ω = hν. Until now
we have said nothing about the relative probabilities with which different
transitions occur; these probabilities determine the relative intensities of
the emission or absorption spectral lines. Such calculations are normally
made using quantum mechanics. Here we will be content with developing
some relationships between emission and absorption probabilities, using
statistical results from Chapter 3.
Consider an ensemble of systems (atoms or molecules); N1 of them have

energy E1 and N2 have energy E2 (E2 > E1). The systems are immersed
in electromagnetic radiation. ρ(ν)dν is the density of the radiation between
frequencies ν and ν + dν. The units of ρ(ν)dν are J m−3; the units of ρ(ν)
are J m−3 s. (You may find it easier to visualize a cloud of photons in
this frequency interval; ρ is proportional to the number of photons per unit
volume.)
Three kinds of transitions between levels 1 and 2 can occur.

1. A system in level 1 can absorb a photon ∆E and go to level 2. The
probability that this happens per unit time should be proportional
to the density of such photons surrounding the system. Call the pro-
portionality constant B12:

P1→2 = B12ρ(ν)

2. A system in level 2 can emit a photon of energy ∆E and go to level 1.
This can happen even if there is no external radiation. This is called
spontaneous emission. Call its probability per unit time A21:

P2→1 = A21

3. A system in level 2 can emit a photon of energy ∆E and go to level
1 by a mechanism called stimulated emission. In this case the prob-
ability per unit time is proportional to ρ(ν):

P2→1 = B21ρ(ν)

Stimulated emission may seem less plausible than spontaneous emis-
sion; why should the emission of radiation by the system be pro-
portional to the number of photons already at that frequency? The
classical analogue is the acceleration of an electron in the system
by the electric field of the incident radiation; the reemitted power is
proportional to the intensity of the beam.

The total probability of emission is the sum of probabilities for (2) and
(3). We have therefore the following equations:

P1→2 = B12

P2→1 = A21 +B21ρ(ν) (10.55)
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The rate of increase of the number of systems in state 1 is the same as the
rate of decrease of the number inn state 2:

dN1

dt
= −

dN2

dt
= −N1B12ρ(ν) +N2 [A21 +B21ρ(ν)] (10.56)

This is a general equation for a two-level system.
Now consider the special situation in whichN1 andN2 are in equilibrium.

Then the populations are not changing and the time derivatives are zero,
so

ρ(ν) =
A21

N1

N2

B12 −B21

At equilibrium the ratio N1/N2 is a Botzmann factor:

N1

N2
= e(E2−E1)/kbT = ehν/kBT

The radiation density is

ρ(ν) =
A21

B12ehν/kBT −B21
(10.57)

FIGURE 10.53. An ensemble of two-state systems is in a cavity full of blackbody
radiation.

Imagine next that the systems are in the wall of a cavity, as in Fig. 10.53.
When the walls are at constant temperature, the radiation in the cavity is
blackbody radiation with all the properties developed earlier in this chapter
[Sec. 14.7 in the 4th edition].
We need a relationship between W and ρ. This relationship is developed

in the problems. It is

W =
ρc

4
(10.58)

for radiation moving uniformly in all directions. The blackbody radiation
density is obtained from this and Eq. 10.18 [Eq. 14.37 in the 4th edition]:

ρ(ν) =
8πν2hν

c3
1

ehν/kBT − 1
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Comparing this with Eq. 10.57 we see that

B = B12 = B21

A = A21 =

(
8πν2hν

c3

)
B (10.59)

A and B are called the Einstein A and B coefficients. They can be derived
using quantum mechanics, in which case one also obtains more detailed
information on how A and B depend on the quantum numbers of the states
involved.
The probability of stimulated emission is equal to the probability for ab-

sorption. The probability for spontaneous emission A becomes much larger
than that for stimulated emission as the frequency of the light (and there-
fore the photon energy) becomes higher. Stimulated emission and absorp-
tion have a classical analog: the absorption and reradiation of energy by an
electron that is accelerated by the electric field of the light wave. Sponta-
neous emission, on the other hand, is a quantum mechanical phenomenon.
Therefore it is not surprising that the quantum mechanical process becomes
more important for high photon energies.

10.21 Emission Lifetime and Line Width

When one observes the photons emitted by a collection of atoms all making
the same transition, one finds that the photons do not all have the same
frequency, but are spread over a range of frequencies. One speaks of the
width of the spectral line.
If a large collection of atoms are all prepared to be in state two at time

t = 0, one finds that the number of atoms remaining in state two decays
exponentially with time. This can be understood from the previous section.
If ρ(ν) is negligible, Eq. 10.56 is

dN2

dt
= −AN2

This is the equation for exponential decay with lifetime τ = 1/A.
It is possible to make a quantum mechanical calculation that shows that

the line width ∆E (or ∆ν =∆E/h) is related to the lifetime by

(∆E)(τ ) = � (10.60)

Since we are not equipped to make that calculation, we will consider a clas-
sical model. Classically, a sinusoidal light wave is generated by an oscillating
electron. As the electron radiates energy, the amplitude of its oscillation
decays exponentially. The radiated field has magnitude

E(t) = E0e
−αt sinωt (10.61)
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If the damping is small, it is shown in Appendix E [Appendix F in the 4th
edition] that

ω2
r = ω2

0 −α2

The intensity of the wave is proportional to the square of the electric field:

I(t) = KE2
0e
−2αt sin2 ωrt

If the damping is small enough so that the decay takes many cycles, the
intensity averaged over a cycle is

〈I(t)〉 =

(
KE2

0

2

)
e−2αt

This is a good approximation, because in a typical atom the lifetime 1/α is
about 10−8 s, while the period 2π/ω is about 10−15 or 10−16 s. The decay
takes place over about 108 oscillations.
We now wish to calculate the frequency spectrum of this exponentially

decaying sine wave. Since the signal is not periodic, we use the Fourier
integral. Recall from Chapter 9 [Chapter 11 in the 4th edition] that the
energy between ω and ω + dω is

Φ(ω)dω =
dω

2π

[
C2(ω) + S2(ω)

]
where

C(ω) =

∫
∞

−∞

f(t) cosωtdt

S(ω) =

∫
∞

−∞

f(t) sinωtdt

For the present case, f(t) = e−αt sinωrt for t > 0 and f(t) = 0 for t < 0.
Therefore

C(ω) =

∫
∞

0

e−αt cosωt sinωrt

S(ω) =

∫
∞

0

e−αt sinωt sinωrt

To evaluate these, we use two trigonometric identities,

cosωt sinωrt =
1

2
sin(ω + ωr)t−

1

2
sin(ω − ωr)t

sinωt sinωrt =
1

2
cos(ω − ωr)t−

1

2
cos(ω + ωr)t
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We then use the integrals, Eqs. 9.50 [Eqs. 11.59 in the4th edition]∫
∞

0

e−ax cosmxdx =
a

a2 +m2∫
∞

0

e−ax sinmxdx =
m

a2 +m2

to write

C(ω) =
1

2

[
(ω + ωr)

α2 + (ω + ωr)2
−

(ω − ωr)

α2 + (ω − ωr)2

]

S(ω) =
1

2

[
α

α2 + (ω + ωr)2
+

α

α2 + (ω − ωr)2

]

We will now consider only positive frequencies, ω > 0. Remember that neg-
ative frequencies were introduced to make the equations appear symmetric
and that they account for half the power. The terms with ω + ωr in the
denominator will be so small for positive frequencies that we can write

C(ω) = −
1

2

[
(ω − ωr)

α2 + (ω − ωr)2

]

S(ω) =
1

2

[
α

α2 + (ω − ωr)2

]

We want the energy density. It will be

Φ(ω) =
C2 + S2

2π
=

1

8π

[
(ω − ωr)

2 + α2

[(ω − ωr)2 + α2]2

]

=
(1/8π)

(ω − ωr)2 +α2
(10.62)

FIGURE 10.54. A typical Lorentz or resonance shape.



32 10. Atoms and Light

This function is graphed in Fig. 10.54. It is known as the resonance func-
tion or Lorentz function. It has a maximum at ω = ωr. The value is half
maximum when |ω − ωr | = α. The longer the lifetime of the state, the
smaller the value of α and the narrower the spectral line. The natural tran-
sition rate of the system determines the smallest value of α and hence the
“natural line width.” It is quite possible for other things to decrease the
lifetime and increase the width of the line. For example, if the source tem-
perature is not 0K some of the atoms are moving toward and some away
from the observer. Radiation is then shifted by the Doppler effect [Chapter
13 in the 4th edition]. The result is Doppler broadening of the spectral line.
Collisions of the emitting atom with another atom may suddenly cause an
electron that was oscillating to come to rest or oscillate with a different
amplitude or phase. The result is a change in E(t), which causes an addi-
tional broadening of the spectral line. Because the length of time between
collisions decreases as the pressure of a gaseous source is increased, such
spreading is called pressure broadening.

10.22 Line Width in Absorption

The line width for the absorption of radiation is related to (in fact is equal
to) the line width for emission. We will show this by a classical calculation,
but the result holds true for quantum mechanics as well.
The classical model we will use is the same as in the previous section, an

electron bound by a linear restoring force. Its equation of motion is that of
a harmonic oscillator with an applied electric field E = E0 sinωt in the x
direction. The equation is

d2x

dt2
+ 2α

dx

dt
+ ω2

0x =
qE0

m
sinωt (10.63)

We need the inhomogeneous solution as a function of ω, the frequency of
the incident light. We will assume a solution of the form

x = X0 sin(ωt+ φ) (10.64)

for which

dx

dt
= ωX0 cos(ωt+ φ)

d2x

dt2
= −ω2X0 sin(ωt + φ)

These are substituted in Eq. 10.63, the trigonometric identities for cos(a+
b)and sin(a + b) are used, and the coefficients of sinωt and cosωt are
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equated. The result is two equations:

(ω2
0 − ω2) sinφ+ 2αω cosφ = 0

−ω2X0 sinφ+ 2αωX0 cosφ+ ω2
0X0 sinφ =

qE0

m

The first equation can be solved for φ:

tanφ =
2αω

ω2 − ω2
0

This result is substituted in the other equation, and the result is solved for
X0:

X0 =
−qE0/m

[(ω2 − ω2
0 )

2 +4α2ω2]
1/2

(10.65)

The power absorbed is the rate at which work is done on the electron by
the external electric field:

P = F · v = [qE0 sinωt] [ωX0 cos(ωt+ φ)]

= qE0Xoω sinωt (cosωt cosφ− sinωt sinφ)

The average of this is

〈P 〉 = qE0X0ω

(
− sinφ

2

)

By constructing the right triangle of Fig. 10.55 we see that

FIGURE 10.55. The right triangle is constructed with an altitude and base which
satisfy the equation tanφ = 2αω/(ω2 − ω2

0). The hypotenuse is obtained from
Pythagoras’ theorem and sinφ can be determined.

sinφ =
2αω

[(ω2 − ω2
0 )

2 + (2αω)2]
1/2

so the average power absorbed is

〈P 〉 =
(q2E2

0/2m)2αω2

(ω2 − ω2
0)

2 + (2αω)2
(10.66)
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Since ω2
0 = ω2

r + α2, the denominator can be written as(
ω4 + ω4

r +α4 − 2ω2ω2
r − 2ω2α2 +2ω2

rα
2
)
+4ω2α2

or (
ω2 − ω2

r

)2
+ α2

(
α2 + 2ω2 +2ω2

r

)
Therefore

〈P 〉 =
(q2E2

0/2m)2αω2

(ω2 − ω2
r )

2 + α2 (α2 +2ω2 + 2ω2
r )

As in the previous section, we consider only ω > 0 and frequencies near
resonance. Then ω2 − ω2

r = (ω + ωr)(ω − ωr) ≈ 2ω(ω − ωr) :

〈P 〉 =
(q2E2

0/2m)2αω2

4ω2 (ω − ωr)
2 + α2 (4ω2 + α2)

Since α2 � 4ω2, this is

〈P 〉 =
(q2E2

0/2m)(α/2)

(ω − ωr)
2 +α2

(10.67)

This has the same frequency dependence as Eq. 10.62. The line widths for
emission and absorption are the same in this classical model.
A quantum mechanical calculation gives very similar results. The ab-

sorbed power expressed in terms of the width of the level in energy units
Γ, the energy of the absorbed photon E = �ω, and the energy difference
between the two levels E12 = �ωr is

〈P 〉 ∝
Γ

(E −E12)2 +Γ2
(10.68)

This is the same form as Eq. 10.67 when Γ = �α.

10.23 Electron Spin Resonance

[The material in this first paragraph is found in greater detail in the early
part of Chapter 8 in the 4th edition.] Magnetic fields are not produced
by isolated magnetic charges; no magnetic monopole has ever been found.
Magnetic fields are instead produced by moving charges or electric currents.
In some cases, such as bar magnets, the effect is as if there were magnetic
charges occurring in pairs or dipoles.13 The strength of a dipole is given by

13Dipoles can be arranged so that their fields nearly cancel, giving rise to still higher

order moments such as the quadrupole and octupole moments. An example would be to
set two magnets in line N-S S-N.
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its magnetic dipole moment, μ. The magnetic dipole moment is analogous
to the electric dipole moment of Chapter 7; however, it is usually produced
by a charge moving in a circle or a current flowing in a loop. The magnitude
of the magnetic moment is the product of the current and the area of the
loop, μ = iA and has the units A m2.

FIGURE 10.56. A particle of charge q and mass m travels in a circular orbit. It
has magnetic moment μ and angular momentum L. If the charge is positive, μ
and L are parallel. If it is negative, they point in opposite directions.

Suppose that a particle of charge q and mass m moves in a circular orbit
of radius r (Fig. 10.56). The speed is v and the angular momentum is
L = r(mv). The effective current is the charge multiplied by the number
of times per second it goes past a given point on the circumference:

i =
qv

2πr

The magnetic moment has magnitude

μ = iA = iπr2 = qvr/2

Since the angular momentum is L =mvr, we can write

μ =
qL

2m

Anticipating that we will need a quantum-mechanical result, we multiply
numerator and denominator by �:

μ =

(
q�

2m

)
L

�

The magnetic moment and angular momentum are parallel vectors for a
positive charge and are antiparallel if the charge is negative. Therefore this
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can be written as a vector equation:

μ =

(
q�

2m

)
L

�
(10.69)

The proportionality factor has the units of a magnetic moment (recall that
Planck’s constant has the units of angular momentum, which are kg m2

s−1 or J s). It is possible to show [4th edition Chapter 8] that the units A
m2 or C m2 s−1 are equivalent to J T−1, where the tesla (T) is the unit
in which the magnetic field B is measured. The tesla is also called a weber
per square meter.
When the electron charge and mass are substituted, we have the Bohr

magneton:

μB =
e�

2me
= 9.274000949× 10−24 J T−1 (10.70)

Then
μe = −

μB
�
L (10.71)

A proton moving in orbit has a smaller magnetic moment for given L
because of its larger mass. The nuclear magneton is

μN =
e�

2mp
= 5.05078343× 10−27 J T−1 (10.72)

In atoms magnetic moments can come from the nucleus, the orbital mo-
tion of the electrons, or the intrinsic magnetic moment of each electron.
For the moment we will not worry about nuclear effects [see Chapter 18 of
the 4th edition].
A free electron has an intrinsic magnetic moment quite apart from its

orbital motion. It is associated with the intrinsic of spin angular momentum
S of the electron (Eisberg and Resnick, 1974, p. 298). The spin magnetic
moment of the electron is

μs = −
gsμB
�

S (10.73)

The factor gs has been measured. It is nearly 2:

γs = 2.002319 (10.74)

When a magnetic dipole such as a bar magnet is put in a magnetic field
(Fig. 10.57) it aligns with the field.14 If the magnetic moment is associated
with an angular momentum a much more complicated motion occurs. The
torque that the field exerts on the dipole causes the angular momentum to
precess or rotate about the direction of the magnetic field [See 4th edition,
Chapter 18]. Figure 10.58 shows the orbital angular momentum and mag-

14Thermal motion will tend to destroy the alignment. See the 4th edition, Sec. 18.3.
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FIGURE 10.57. A dipole in a magnetic field. The dipole can be either a bar
magnet or a current loop.

FIGURE 10.58. The torque which the magnetic field exerts on the magnetic
moment causes the angular momentum and the magnetic moment to precess
around the direction of the magnetic field.
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netic moment precessing around the direction of the magnetic field. This
direction is traditionally called the z axis.
Whether the dipole precesses or not, it has a certain potential energy

depending on its orientation. (See the 4th edition, Chapter 18). The energy
is

E = −μ ·B = −μB cos θ = −μzB (10.75)

It is lowest when the dipole is aligned with the field.
Most neutral atoms in their ground state have no intrinsic magnetic

moment due to electrons; the electrons have arranged themselves so that the
sum of their spin angular momenta is zero. There may be a small angular
momentum due to the nucleus. The exceptions to this statement are the
transition elements that exhibit paramagnetism. Free radicals, which are
often of biological interest, have an unpaired electron and also exhibit a
magnetic moment. In most cases this magnetic moment is almost entirely
due to the spin of the electron. The component of the spin along the z axis
can be

Sz =

{
1
2�

− 1
2�

(10.76)

depending on whether the spin z-quantum number ms has the value +1/2
or −1/2. We can combine Eqs. 10.73, 10.75 and 10.76 to write the two
possible values of the orientation energy:

E = ±
gsμBB

2
(10.77)

The energy shifts for these two orientations are plotted in Fig. 10.59. If
a molecule with an electron spin is placed in an oscillating magnetic field
(an electromagnetic wave) of the appropriate frequency, induced emission
or absorption of the photon cab accompany a flip of the electron spin:

∆ν =
2E

h
=

gsμBB

h
(10.78)

When measurements are carried out, one can determine three things:

1. Shifts of g from the value gs for a free electron spin.

2. Splitting of a line into components because of the magnetic moment
of a nearby nucleus. This is called hyperfine splitting.

3. Changes in line width of a resonance. This depends on such things
as the length of time it takes for a collection of free radicals to attain
thermal equilibrium with their surroundings.

One book reviewing biological applications of ESR is Wyard (1969). One
must be very careful, because extraneous paramagnetic substances can be
introduced in a tissue sample after it has been removed from a patient
(Antholine, 1976; Gutierrez, 1976).
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FIGURE 10.59. A plot of the energy splitting of an electron spin in a magnetic
field. ∆E is the energy change if the spin flips direction.

10.24 Problems

10-26 In a plane wave

E = Ex = E0 sin(kz − ωt)

B = By = Bo sin(kz − ωt)

show that Eqs. 10.45 and 10.46 are satisfied.
10-27 Unpolarized light in beam 1 strikes scatterer S1. Light scat-

tered at 90 ◦ constitutes beam 2 which strikes scatterer S2.
(a) What is the polarization of beam 2?
(b) In what directions will there be no light scattered by the second

scatterer?
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10-28 Circularly polarized light travels along the z axis and scatters
from an object at the origin.
(a) Is any light scattered along the y axis?
(b) If so, what is its polarization?
(c) Repeat for the x axis.
10-29 Use the definition of the Poynting vector and Eq. 10.51 to show

that the power radiated at an angle θ with the direction of the acceleration
is

S =
q2 sin2 θa2

(4πε0)(4πr2c3)

Then use spherical coordinates, for which an element of area on the surface
of a sphere of radius r is 2πr2 sin θdθ to show that the total energy radiated
is

Φ =
2

3

(
q2

4πε0

)(
a2

c3

)
10-30 Quartz is a birefringent substance with two indices of refrac-

tion:

nx = 1.55379

nyz = 1.54467

How thick a piece of quartz will serve as a full wave retarder for green light?
10-31 A birefringent medium has nxy = 1.100, nz = 1.095.
(a) What minimum thickness is needed to make a full wave retarder at

λ = 500 nm?
(b) What will be the effect of the retarder on light at λ = 667nm?
10-32 Suppose you have a system with three energy levels:

E1 < E2 < E3

Assume that in thermal equilibrium N3 < N2 � N1. The system is placed
in a strong radiation field at

hνa = E3 −E1

Now what is the ratio N3/N1? It is possible to have N3 > N2even though
before hνa was applied,

N3/N2 = e−(E3−E2)
′kBT < 1

Now, if a weak source of radiation of frequency

hν0 = E3 −E2

is applied, what will happen? (This is a laser.)
10-33 A collection of two-state systems is in a radiation field with

the frequency corresponding to the difference in energy between two levels.
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Find a differential equation for the population of each sate, corresponding
to ρ having a large fixed value, if N1(0) = N and N2(0) = 0.
10-34 Consider light of λ = 550nm.
(a) If the natural lifetime is 10−8 s, what is the natural line width?
(b) Suppose that the atoms are at 2000K. Estimate their speed using the

equipartition of energy. (Assume a reasonable mass.) What is the Doppler
frequency shift, ∆ν/ν = v/c?
(c) If the atoms are 2× 10−10m in radius and are in a gas at room tem-

perature and pressure p, estimate the time between collisions. (See Chapter
4 for collision frequency.) At what pressure will the time between collisions
be the same as the natural lifetime?
10-35 An electric dipole is placed at an angle θ with an electric

field. Show that there is a torque on it of magnitude pE sin θ and that its
orientation energy is −pE cos θ.
10-36 A magnetic dipole consists of a lop of current which is rectan-

gular with sides a and b. A current i flows in the loop. Show that there
is a torque on it of magnitude μB sin θ and that its orientation energy is
−μB cos θ.
10-37 The units of the Bohr magneton are qh/2m or C J s kg−1.
(a) Show that this is the same as C m2s−1.
(b) Use F = qvB to show that a tesla is the same as N s C−1 m−1. Show

that the magnetic moment units can also be written as J T−1.
10-38 For a field of 3200 gauss (0.32 T) what is the frequency of

photons corresponding to a flip of the electron spin?
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