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This material is from Russell K. Hobbie, Intermediate Physics for Medi-

cine and Biology, 3rd. ed. Copyright c©1997 Springer-Verlag, New York. It

can be added to the end of Chapter 5 in the 4th edition.

105.1 Add to the end of Section 5.9

There is another form for the solute flow equation that may be useful

for calculations, although it mixes up the solvent drag and diffusion terms.

Equation 5.58 can be solved for (1−σ)J
v
= xωRT . The result is substituted

in Eq. 5.53:

Js = xωRT Cs + ωRT (Cs − C
′

s
).

Equation 5.57 is then used for Cs, to get

Js = ωRT

(
x

2
(Cs + C

′

s
) + [xG(x) + 1] (Cs −C

′

s
)
)

.

The term xG(x) + 1 is rewritten with the help of Eq. 5.53:

xG(x) + 1 =
x

2

e
x
+ 1

e
x
− 1

.
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This is then substituted in the equation for Js:
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+
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. (105.1)

To use this equation, J
v
is calculated and then x is calculated using Eqs.

5.55 and 5.58.

105.2 Example: Solute Flow When There Is No
Reflection

As an example, we will consider the flow of solute through a membrane

when there is no reflection, as a function of the pressure drop across the

membrane. Experiments with membranes of this sort have been done using

radioactive water for the solute. There is tagged water on the left of the

membrane and no tagged water on the right.

The solute flux density is most easily calculated using Eq. 105.1. With

C
′

s
= 0, it gives

Js = ωRT
xe

x

ex − 1
Cs. (105.2a)

The value of x is

x =

Jv

ωRT
=

Lp∆p

ωRT
. (105.2b)

This result is plotted in dimensionless form in Fig. 105.1. When ∆p = 0,
there is no solvent drag because there is no bulk flow. For negative ∆p,
the solvent drag is to the left and subtracts from the diffusive flux, so that
J
s
→ 0. For large positive values of∆p, the flow is dominated by the solvent

drag and is proportional to ∆p. Figure 105.1 shows these effects and the
contribution of diffusion.
We next consider a numerical example. The data are for one of several

experiments done by Bean (1969, 1972). The solute was water tagged with
tritium (3H). In the experiment we will consider, the pores were diamond-
shaped and had a radius of about 1.5 × 10

−7
m. They were produced by

etching fission tracks in mica. The solute flow was measured by observing

the radioactivity rise in the right-hand solution, which began with zero con-

centration of solute. The data are shown in Table 105.1. The temperature

was 26.3
◦

C or 299 K. We will assume that it was 298 K.

The solute flow can be written as follows:
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FIGURE 105.1. The flow of solute through a membrane, showing the combination
of solvent drag and diffusion. There is no reflection and all solvent is on the left.

TABLE 105.1. Experimental data from Bean (1972).

Pressure (in. of water) “Flow” “i” (m3 s−1)

−15 0.19× 10−12

−8 0.81× 10−12

−4 1.63× 10−12

0 3.38× 10−12

4 5.94× 10−12

8 8.38× 10−12
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(Total number of molecules through area S per second)

= JsS

= (equivalent flow of bulk fluid)(solute concentration)

= “i”Cs.

From this,“i” = JsS/Cs. This can be combined with Eq. 105.2a to obtain

“i” = SωRT
xex

ex − 1
. (105.3)

To proceed further, we need x = Jv/ωRT as a function of ∆p. Since σ = 0,
the molecules are small andDeff =D. Therefore, ωRT = nπR2

pD/∆Z. The
permeability is Lp = nπR4

p/8η∆Z. Since the pores are diamond-shaped
and this equation is for circular pores, we introduce a geometric correction
factor g:

Lp =
g nπR4

p

8η∆Z
.

With these substitutions, the expression for x is

x =
gR2

p

8Dη
∆p.

Bean (1972, p. 15) gives a value for D for water in water of 2.44×10−9 m2

s−1, at 25 ◦C. We will use this value, although his experiments were done
1.3 ◦C higher. From Fig. 4.10 we find that the viscosity at this temperature
is η = 0.9 × 10−3 Pa s. The pressure data in Table 105.1 are in inches
of water. From p = ρgh, we can calculate that 1 in. of water exerts a
pressure of (1× 103 kg m−3)(9.8 N kg−1)(2.54× 10−2 m) or 249 Pa. With
∆p measured in inches of water and Rp measured in meters, we have

x =
249 g R2

p∆p

(8)(2.44× 10−9)(0.9× 10−3)
= 1.417× 1013 g R2

p∆p.

The coefficient SωRT in Eq. 105.3 can be written as

SωRT =
nSDπR2

p

∆Z
.

For the pores in question, nS = 7.54 × 104 and ∆Z = 4.9 × 10−6m.
Therefore,

SωRT =
(7.54× 104)(2.44× 10−9)πR2

p

4.9× 10−6
= 117.9R2

p.

The values for g and for Rp that best fit the data were determined using a
computer in the following way.
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1. A value for Rp was selected.

2. A value of g was selected.

3. Using these values, x, F (x) = xex/(ex − 1), and “i” were calculated
for each of the six pressures.

4. The squares1 of the residuals (differences between these calculated
values and each data point) divided by the experimental value of the
flow were summed over all data points. This is called the “fit.”

5. The value of g was increased by 0.1, and steps 3 and 4 were repeated.

6. If the fit was improved by step 5, step 5 was repeated. If the fit did
not improve, the results for the previous value of g were printed as
the optimum values for the given pore radius.

7. The pore radius was increased and a new, low value of g was selected,
and steps 3—6 were repeated.

The values for g and Rp that best fit the data were determined using
the computer program shown in Fig. 105.2. This program is written in C.
You should be able to follow the program if you are familiar with any other
programming language. Start reading at main near the end of the program.
The procedures or subroutines that main uses come first. ExpData places
the experimental data points in arrays p and Flow. The pore radius is
varied from 1.0 × 10−7 to 2.2 × 10−7 in steps of 0.1 × 10−7 m. For each
pore radius procedure Loop_On_g steps the geometric factor g to find the
best fit. The fit is calculated in procedure CalcFit. If it is an improvement
on the previous fit, the values of g, Fit, and Flow are saved permanently
by procedure UseThisFit. Function f(x) is the factor xex/(ex − 1) of Eq.
105.3.
The best fit is obtained for Rp = 1.7×10−7 m, as shown in Fig. 105.4(a).

Flow pressure is plotted in Fig. 105.4(b) for the best value of Rp, along with
plots for which Rp is larger and smaller by 0.1 × 10−7 m. The value of g
that corresponds to the best fit is 0.7, which means that the hydraulic flow
is only 0.7 times what one would expect in a circular pipe. (This correction
is discussed from a somewhat different point of view in Bean’s papers.)
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FIGURE 105.2. The computer program used to generate the fit of Fig. 105.4.
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FIGURE 105.3. Fig. 105.2, continued.
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FIGURE 105.4. (a) “Fit” vs Rp. (b) “Flow” vs ∆p, showing the experimental
data of Table 105.1 and the fits for three values of Rp, with the optimum value
of g for each Rp.
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FIGURE 105.5. A schematic view of a nephron. The essential parts are the
glomerulus, where initial filtration takes place, and the tubules, where reabsorp-
tion and secretion take place. The valves in the afferent and efferent arterioles
regulate the pressure difference across the basement membrane in the glomerulus.

105.3 Example: Glomerular Filtration in the
Kidney

The kidney is a vital organ that regulates the composition of the blood
and therefore affects the composition of all body fluids. The kidney is a
collection of independently functioning units called nephrons that excrete
water-soluble wastes and regulate the amount and composition of the body
fluids. There are about 106 nephrons in each human kidney [Pitts (1974)].
A physicist’s view of a nephron is shown in Fig. 105.5. Blood from a renal
artery passes first by a membrane in the glomerulus, where a large amount
of fluid filters through the basement membrane. The amount of filtration is
regulated by the afferent and efferent arterioles, which control the pressure
of the blood in the glomerulus. The filtrate passes through the descending
and ascending tubules, where most of the filtrate is reabsorbed and other
chemicals are secreted into the urine.
While the processes in the tubules involve a great deal of chemistry, in-

cluding active transport, the initial filtration through the glomerular base-
ment membrane has been explained well using the model we have just devel-
oped. Careful measurements on dog kidneys were interpreted by Verniory
et al. (1973) in terms of filtration by pores of 5 nm radius in the basement
membrane. They used solute molecules of polyvinylpirrolidone labeled with
radioactive iodine (125I). These molecules had a distribution of sizes and
were separated into fractions with known radii between 1.9 and 3.7 nm.
The radii were measured by chromatography. The measurement of a ra-

1The procedure for minimizing the sum of the squares of the residuals will be discussed

in greater detail in Chap. 11.
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dioactive solute means that we must determine the solute flux, Js. It is
a combination of solvent drag and diffusion. It is most easily determined
using Eq. 105.1. In this case,

Js = ωRT

(
Cs

xex

ex − 1
−C ′

s

x

ex − 1

)
(105.4)

with x = Jv(1− σ)/ωRT .
A unique feature of this problem is that the filtrate in the tubule consists

entirely of material that has passed through the basement membrane. Since
Js is the solute flux density and Jv the flux density of the fluid in which it
is dissolved, the concentration is

C ′

s =
JsS∆t

JvS∆t
=

Js
Jv

.

From this, Js = C′

sJv = C ′

s xωRT/(1 − σ). This can be put on the left of
Eq. 105.1 to give

C ′

sx = (1− σ)

(
Cs

xex

ex − 1
−C ′

s

x

ex − 1

)
.

The ratio φ = C′

s/Cs was determined experimentally. To find φ, divide each
term in the preceding equation by Cs:

φx =
(1− σ)xex − (1− σ)φx

ex − 1
.

This can be solved for φ:

φ =
(1− σ)ex

ex − σ
=

1− σ

1− σe−x
. (105.5)

If the solute particles are very small (such as the inulin molecules of
Problem 2), then φ = 1 and C ′

inulin
= Cinulin . Since inulin is not reabsorbed

in the tubules, the total amount of inulin excreted in the urine in time ∆t
can be used to measure JinulinS. If the concentration of inulin in the blood
Cinulin is measured, then the total flow rate is

iv = JvS =
JinulinS

Cinulin

. (105.6)

(Note the units in this equation: Jv is in m s−1; Jinulin is in particles m−2

s−1.) Verniory et al. determined iv = 3.4×10−7 m3 s−1 for dog kidneys. In
one day this would amount to 29.4 l. Clearly much of this goes back into
the plasma through the tubules. We can use the rectilinear pore model to
write the filtration rate as

iv =
nπR2

p S

∆Z

R2

p(∆p−∆π)

8η
. (105.7)
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The experiment measured φ as a function of solute radius a. This requires
knowing the ratio ξ = a/Rp, which determines the reflection coefficient and
ω/ω0, and the parameter x used in Eq. 105.4. Since iv = JvS, we can write

x =
(iv/S)[1− σ(ξ)]

[ω(ξ)/ω0]ω0RT
=

iv
D

∆Z

nπR2
pS

1− σ(ξ)

ω(ξ)/ω0

.

Using the Stokes—Einstein relation, D = kBT/6πηa, gives

x =
6 ivη

kBT

∆Z

nπR2
pS

1− σ(ξ)

ω(ξ)/ω0

. (105.8)

We need a value of viscosity for plasma. (We do not use the viscosity
of whole blood because the cells, with a diameter of about 8000 nm, do
not enter the 5-nm pores.) The viscosity is about twice that of water, or
1.4× 10−3 Pa s at body temperature [Cokelet (1972)].
We have two parameters that are not known: the combination nπR2

pS/∆Z,
which is the ratio of total glomerular pore area per kidney to the membrane
thickness, and Rp, which then determines ξ. (Actually, n, Rp, S, and ∆Z
are all unknown, but only these two combinations appear.) Verniory et al.
did a fit varying these parameters, much as we did in the previous section.
They obtained the best fit for the values

nπR2

pS

∆Z
= 7.5× 104 m, Rp = 5.06 nm. (105.9)

With these values, and expressing the pressure in torr rather than pascal
(760 torr = 105 Pa), we write Eq. 105.7 as

iv =
(7.5× 104)(5× 10−9)2(1× 105)(∆p−∆π)

(8)(1.4× 10−3)(760)
,

from which we obtain ∆p−∆π = 15.4 torr. We can also calculate x:

x =
(3.4× 10−7 m3 s−1)(6)(π)(1.4× 10−3 kg m−1 s−1)

(7.5× 104 m)(1.38× 10−23)(310) kg m2 s−2

a(1− σ(ξ))

ω(ξ)/ω0

= (2.8× 107 m−1)
a(1− σ(ξ))

ω(ξ)/ω0

. (105.10)

Given values of a and Rp, we can calculate ξ, determine σ(ξ) and ω(ξ)/ω0

from Eq. 5.60 and Fig. 5.19, and calculate φ. This is done in the computer
program of Fig. 105.6. The results are shown in Fig. 105.7 along with the
data of Verniory et al.
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FIGURE 105.6. The computer program and the results of the calculation for the
curve in Fig. 105.7. Equations 105.5 and 105.10 were used. The function for σ(ξ)
is given in Eq. ??, with a parabolic interpolation for 0.6 < ξ < 1.0. The function
F = ω(ξ)/ω0 is calculated using Eqs. (22) and (56) of Bean (1972).



Problems 13

FIGURE 105.7. The data from Verniory et al. (1973) with the theoretical fit of
Fig. 105.6.

Problems

Section 105.2

Problem 1 The filtration rate of two human kidneys is about 125 ml min−1.
The total pore area is 750 cm2 per 100 g of kidney, and the average mass
of each kidney is 150 g. If the pore radius is 3.5 nm and ∆Z = 50 nm,
find the drop in driving pressure across the glomerular membrane. Use a
viscosity η = 1.5× 10−3 Pa s.

Problem 2 The basement membrane of the glomerulus has the following
properties: Rp = 5 nm, the total glomerular membrane area is 1.5 m2, the
plasma viscosity is 0.002 Pa s, ∆p = 42 torr, and ∆π = 32 torr. The total
volume of filtrate is 180 l day−1. Find an expression for the fractional pore
area vs ∆Z. If ∆Z = 60 nm, what is the fractional pore area? How does
this compare with the results of Verniory that nπR2

pS/∆Z = 7.5 × 104 m
and Rp = 5 nm?

Problem 3 Show that the glomerular filtration rate is equal to the clear-
ance of inulin. Inulin is a small molecule (1.2 nm radius) which passes
through the glomerular basement membrane but is neither reabsorbed nor
secreted in the tubules.
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